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Algebraic Topology – Exercise 9

(1) Let ∆n be the standard topological n-simplex, i.e.

∆n “ tpt0, ..., tnq P Rn`1 :
n

ÿ

i“0

ti “ 1, ti ě 0u (1)

endowed with the subspace topology of Rn`1. For 0 ď i ď n we define the coface
maps

δi : ∆n´1 ãÑ ∆n, pt0, .., tn´1q ÞÑ pt0, .., ti´1, 0, ti, ..., tn´1q

and for 0 ď i ă n we define the codegeneracy maps

σi : ∆n Ñ ∆n´1, pt0, ..., tnq ÞÑ pt0, ..., ti´1, ti ` ti`1, ti`2, ..., tnq.

Check that the coface and codegeneracy maps together satisfy the cosimplicial iden-
tities:
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δj ˝ δi “ δi ˝ δj´1, 0 ď i ă j ď n

σj ˝ δi “ δi ˝ σj´1, 0 ď i ă j ď n

σj ˝ δj “ id “ σj ˝ δj`1, 0 ď j ď n

σj ˝ δi “ δi´1 ˝ σj , 1 ď j ` 1 ă i ď n

σj ˝ σi “ σi ˝ σj`1, 0 ď i ď j ď n

(2) Let n P N0 and k P t0, ..., nu be arbitrary. Let En Ă Rn`1 be the unique n-dimensional
affine subspace of Rn`1 that contains the standard basis vectors peiqi“0,...,n. We let
B∆n denote the topological boundary of the standard topological n-simplex ∆n, seen
as a subspace of En. Further, the k-th horn of ∆n is defined as the union

Λn
k :“

ď

iPt0,..,nuztku

δip∆
n´1q Ă ∆n

of the images of the coface maps δi from Exercise (1) for i P t0, .., nuztku.

(a) Draw ∆n and Λn
k for n “ 0, 1, 2 and all possible k P t0, .., nu. Explain why ∆n

and Λn
k are intuitive choices of notation.

(b) Give explicit expressions of the form of Equation (1) for B∆n and for Λn
k .

(c) Show that ∆n deformation retracts onto any of its (co)faces δk∆n´1. Do so by
constructing a deformation retraction h : r0, 1s ˆ∆n Ñ ∆n whose restriction to
Λn
k yields a homeomorphism h1|Λn

k

: Λn
k Ñ δk∆n´1.



(d) Let X be a topological space. A Λn
k -horn on X is a continuous map α : Λn

k Ñ X.
Use the statement of part (c) to prove that any Λn

k -horn α : Λn
K Ñ X on X can

be extended to an n-simplex α̂ : ∆n Ñ X on X. 1

Definition. A chain complex of abelian groups is a sequence of abelian groups, pAnqnPZ,
together with a differential, i.e. homomorphisms

Bn : An ÝÑ An´1, @n P Z,
such that Bn´1 ˝ Bn “ 0.

Definition. Let pC˚, Bq be a chain complex. Define

ZnpCq :“ kerpBn : An Ñ An´1q and BnpCq :“ impBn`1 : An`1 Ñ Anq.

We say that ZnpCq is the group of n-cycles, and BnpCq is the group of n-boundaries. De-
fine

HnpCq :“ ZnpCq{BnpCq.

We say that HnpCq is the nth homology group of the chain complex pC˚, δq.

(3) (a) Let pC˚, Bq be an arbitrary chain complex. Why is BnpCq a subset of ZnpCq?

(b) Consider the chain complex

Cn “

#

Z n “ 0, 1

0 otherwise

Here, the only non-zero differential is B1, given by multiplication with d P N.
Compute the homology groups for the chain complex C˚.

(c) What are the homology groups of the below chain complex?

C˚ :“ ...
2¨p´q
ÐÝ Z{4Z 2¨p´q

ÐÝ Z{4Z 2¨p´q
ÐÝ ...

(4) (a) Given a ∆-structure on X, recall that Xn is the set of n-simplices of the ∆-
structure and di : Xn Ñ Xn´1, σ ÞÑ dipσq. Show that didj “ dj´1di for i ă j.

(b) Define

C∆
n pXq :“ ZXn

and Bn : C∆
n pXq Ñ C∆

n´1pXq given by Bn “
řn

i“0p´1qidi. Here di : ZXn Ñ

ZXn´1 is the unique map extending the face map di : Xn Ñ Xn´1 by linearity.
Show that pC∆

˚ , Bq is a chain complex, i.e. show that B2 “ 0.

(c) Compute the homology of C∆
n pRP 2q using the ∆-structure on RP 2 given by

adding a diagonal in the labelling scheme abab.

(5) Christmas reading exercise. Choose one (or more) of the articles on the Algebraic
Topology webpage under ”Further reading” that sparks your interest to explore over
the break.

1The insight from part (c) can be used to concatenate 1-simplices “up to 2-simplices”. That is, given two
1-simplices α0, α2 : ∆1

Ñ X such that B1α0 “ B0α2 show that there exists some 2-simplex β : ∆2
Ñ X such

that Bjβ “ αj for j “ 0, 2. We may then call α1 :“ B1β : ∆1
Ñ X a (not the!) concatenation of α0 and α2; in

general the 1-simplex α1 : ∆1
Ñ X depends on the choice of β.


	

