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(1) Decide whether or not the following sets O define a topology on X, where

(a) X is arbitrary, S Ă X is a subset and O :“ tU Ă X | S Ă Uu Y t∅u.

(b) X is arbitrary, S Ă X is a subset and O :“ tU Ă X | U X S ‰ ∅u Y t∅u.

(c) X “ R and O :“ tp´8, bq | b P S Y t8uu Y t∅u, for a subset S Ă R.

(2) Let pX, T q be a topological space. Prove that the closed subsets in pX, T q satisfy the
following axioms:

(A1) H P A, X P A

(A2) If A1, . . . , An P A, n P N, then A1 Y ¨ ¨ ¨ YAn P A.

(A3) If for every i P I, Ai P A, then
Ş

iPI Ai P A.

and conversely, given A Ď PpXq which satisfies (A1)-(A3),

T “ tXzA : A P Au
defines a topology on X.

Definition. Let X be a set. A basis for a topology on X is a collection of subsets B of X
satisfying

(B1)
Ť

BPB B “ X, and

(B2) if B1, B2 P B and x P B1 XB2, then there exists B3 P B such that x P B3 Ď B1 XB2.

(3) (a) Let B be a basis for a topology on a set X. We say that U is open if for every
x P U , there is a B P B such that x P B Ď U . Prove that the collection of open
sets TB forms a topology. It is called the topology generated by the basis B.

(b) Let p P N be prime. For every pair pz, nq P Zˆ N, let

Unpzq “ tz `mpn : m P Zu.
Show that the family of these subsets of Z is a basis of a topology on Z.
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Definition. Let X be a topological space and A Ă X. Then Ā “
Ş

CPA,
AĂC

C is called the

closure of A, and BA :“ AXXzA is called the boundary of A.

(4) Prove that for any subset A of a topological space

(a) A is open ô A “ AzBA,

(b) A is open and closed ô BA “ ∅.

(5) (a) Let X,Y be topological spaces, and f : X Ñ Y . Show that if txu Ă X is open,
then f is continuous at x.

(b) Let ´8 ď a ă b ď 8. Show that pa, bq is homeomorphic to p0, 1q, and if a, b are
finite, then ra, bs is homeomorphic to r0, 1s.

(c) Give an example of a function RÑ R which is continuous at exactly one point.

(6) Let Y be a set, pXi, Tiq, i P I, be topological spaces and fi : Y Ñ Xi be maps.

(a) Let S “
Ť

iPI f
´1
i pTiq. Show that the collection of finite intersections of elements

in S is a basis on Y which generates a topology such that T is the coarsest topol-
ogy on X such that all fi : pY, T q Ñ pXi, Tiq are continuous, and is characterized
by the following property:

If pZ,Vq is a topological space and f : Z Ñ Y , then f : pZ,Vq Ñ pY, T q is
continuous iff for every i P I, fi ˝ f : pZ,Vq ÝÑ pXi, Tiq is continuous.

This is called the initial topology with respect to the fi.

(b) Let A Ă X be a subset of a topological space X. Show that if we take I “ t0u,
f0 : A ãÑ X, the initial topology on A with respect to f0 is the subspace topology
on A.

(c) Let X1, X2 be topological spaces and, as a set, Y “ X1 ˆ X2. Show that the
initial topology on Y with respect to the projections

f1 : X1 ˆX2 ÝÑ X1, f2 : X1 ˆX2 ÝÑ X2

is the product topology on Y “ X1ˆX2. More generally, show that this holds for
any family of topological spaces pXiqiPI and the projections fi :

ś

jPI Xj Ñ Xi.

(d) Let X :“ t0, 1u with the discrete topology. Show that
ś8

n“1X with the product
topology is not discrete.

(7) Show that the following are categories:

(a) N, which has just one object ˚, HomNp˚, ˚q “ N, and composition is addition;

(b) VectK, which has vector spaces as its objects, linear maps as its morphisms, and
composition is the composition of linear maps;

(c) given a partially ordered set pP,ďq, take P as the objects, and set

HomP pa, bq “

#

˚ if a ď b,

∅ otherwise.


