winter semester 2019/20 Claudia Scheimbauer

ALGEBRAIC TOPOLOGY — EXERCISE 2

PRODUCTS, QUOTIENTS, PUSHOUTS

(1) The Cantor set is the subset of R defined by C := { 3" | & | Vn : a, € {0,2}},i.e. Cis

the set of all real numbers in [0, 1] that have a ternarynrelp?liesentation without any digit
1. More pictorially, the Cantor set can be obtained in the follwing way: Let Cy = [0, 1]
Deleting the open middle third, we obtain C1 = [0, £]u[%,1]. Deleting the open middle
thirds from each of the remaining intervals, we obtain Co = [0, 1]u[2, 2]U[2, I]u[§, 1],

’9 93 3'9 97
etc. Then
o0
c={)cCn
n=0

If we endow the Cantor set with the subspace topology, show that it is homeomorphic
to {0, 1}N , where {0, 1} has the discrete topology and the product is endowed with the
product topology.

(2) Let Y be a set, (X;,7;),i € I, be topological spaces and f; : X; — Y be maps.

(a) Show that 7 ={O C Y |Vie I: f;1(O) e T;} is a topology on Y such that 7 is
the finest topology on X such that all f; : (X;,7;) — (Y,7T) are continuous and
is characterized by the following property:

If (Z,V) is a topological space and f : Y — Z, then f : (Y,T) — (Z,V) is
continuous iff for every i € I, fo f; : (X;,T;) — (Z,V) is continuous.

This is called the final topology with respect to the f;.

(b) Let X be a set and 7; be topologies on X. What is the final topology on X with
respect to the maps id : (X, 7;) — X7

(c) Let X := {0, 1} with the discrete topology. Show that [ [’"_; X with the coproduct
topology is discrete.

(3) Use the universal properties of the product and the quotient to construct a continuous
map

(RxR)/(ZxZ)— R/Z x R/Z.
Show that this is a homeomorphism.

(4) (a) Show the universal property of the pushout of f: A — X and g: A — Y: Let
p: X > T and q: Y — T continuous maps such that po f = gog. Then there is



a unique map X L4 Y — T such that the following diagram commutes:

A—2 Ly

fl lF

p

Conclude that any other space T” with the same universal property is homeo-
morphic to X L4 Y. We call any such 7" a pushout of f and g.

(b) Show that V < X L4 Y is open iff G™1(V) is open in X and F~1(V) is open in
Y. Same statement for closed instead of open.

(c) Show that if g is a (closed) embeddinﬂ, then G also is. Moreover, show that in
this situation, F induces a homeomorphism of quotient spaces F': Y/A — T'/X

Aty » Y /A

fl lF ig

XS5 7 » T'/X .

(d) Show that if g is a homeomorphism, then G is an homeomorphism.
(5) (a) Show that the following descritions of real projective n-space are equivalent:

(R™1\0) /(z ~ kz) = S"/(x ~ —x) = D"/(x ~ —x for x € dD").

(b) Use the last description above and induction to construct a cell structure on RP".
Hint: Use that 0D™ with antipodal points identified is RP" 1.

Extra:

(6) (a) Let X = RN and let Opyod, Opox and Oy be the product topology, the box topology
and the uniform topology (see below) on X, respectively. For which of these
topologies is the map R — X, ¢ — (¢,¢,...) continuous?

(b) Let t, : R® <> RN be the inclusion of the first n coordinates, and let R™ be
endowed with the standard (Euclidean) topology. Show that the final topology
on RN with respect to the ¢, is strictly finer than the box topology.

Definition: The uniform topology on RY is the topology O, generated by the basis

By = {Br((%n)) = {(yn) € RN | sup |y, — 2| < 7}, for 7 > 0 and (z,,) € RN}.
neN

LAn embedding is a continuous map which is a homeomorphism onto its image (which is endowed with the
subspace topology). It is closed if its image is closed in Y.



(7)

(8)

(10)

(11)

MORE OPERATIONS ON AND PROPERTIES OF TOPOLOGICAL SPACES

(a) Construct a cell structure on S™ for every n such that the inclusions as equators
S0 = 8t = §2c ... < S” are all inclusions of cell complexes.

(b) Show that the suspension of the m-sphere is an (n + 1)-sphere, SS* = Sn*1,
Think about the cell structures of each side.

(c) Let X be a cell complex with n-skeleton X™ and attaching maps ¢, : S" ! —
X"~1. Convince yourself that

Xm/Xnt=\/ s

ael

(d) What is S* A S'? More generally, what is S™ A S*?

Show that the following are topological properties, i.e. if X = Y and X has the
property, then Y also has the property:

cell complex, connected, path-connected, locally path-connected, Hausdorff, compact
Moreover, show that the set of path components is a topological invariant
(a) Show that every connected component of a space X is closed in X.

(b) For X a space, let x ~ y if x and y are in the same connected component. Show
that
X = |_| C < X/ ~ is discrete
CeX/~

(c) Conclude that if X/ ~ is finite, then X = | |ocx /. C.
Show that if Y is discrete and X is locally path-connected, then every map g : mo(X) —
Y induces a continuous map f : X — Y. Conclude that in this case, there is a bijection
HOmTop (X, Y) ; HOmSET (7T0 (X), Y).
Remark. In the literature, mo(X) sometimes is used for the connected components
of X instead of the path components of X as we had defined it. If we assume that
our space is locally path-connected, then they agree. In practice, and for most of

the remainder of this class, spaces that are studied in algebraic topology are usually
locally path-connected, so this issue does not arise very often.

Prove the Lemma from class:

Lemma. A topological space X is Hausdorff if and only if A = {(z,z): x € X} c X
is closed.
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