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Algebraic Topology – Exercise 12

(1) (a) Consider the chain complex

C˚ :“
`

¨ ¨ ¨
2¨
ÐÝ Z{4Z 2¨

ÐÝ Z{4Z 2¨
ÐÝ ¨ ¨ ¨

˘

Is there a chain homotopy from the identity of C˚ to the zero map?

(b) Show that being chain homotopic is an equivalence relation on chain maps.

(2) Simplify in terms of singular homology groups or compute explicitly the following
relative homology groups

(a) Hsing
˚ pX,Hq

(b) Hsing
˚ pX,Xq

(c) Hsing
˚ pX \ Y, Y q

(3) Consider the embedding ι : Sn´1 ãÑ Dn. Use the long exact sequence for relative

homology to express Hsing
j pDn, Sn´1q in terms of homology groups of Sn´1 for j ą 1

and n ą 1.

Definition. Let X be a (non-empty) topological space, and let rC˚pXq be the singular chain
complex

rC˚pXq :“
´

0 ÐÝ Z rε
ÐÝ C0pXq ÐÝ C1pXq ÐÝ ¨ ¨ ¨

¯

,

where rε is the map defined in Exercise (4) a) below. We define the reduced homology groups

to be rH˚pXq :“ Hsing
˚ p rC˚pXqq.

(4) (a) Let X be a topological space. Define a map rε : Csing
0 pXq Ñ Csing

0 pt‹uq – Z by

rεp
ř

i λiαiq “
ř

i λi. Show that rε makes rC˚pXq into a chain complex and gives a
well-defined map on homology.1

(b) What is the relation between singular homology and reduced homology for n ě 1?

(c) What can you say about rH0pXq?

(d) Using the result from Exercise (6) a), show that we have rHnpXq – Hsing
n pX, txuq

for any base-point x P X.

1Note that this map induces the homomorphism ε : H0pXq Ñ Z from last weeks lecture.



(e) For H ‰ A Ă X we define rHnpX,Aq :“ Hsing
n pX,Aq. Construct a long exact

sequence of reduced homology, i.e. for any pair of topological spaces pX,Aq there
is a long exact sequence

¨ ¨ ¨ ÐÝ rHn´1pAq ÐÝ rHnpX,Aq ÐÝ rHnpXq ÐÝ rHnpAq ÐÝ ¨ ¨ ¨

(5) Use the long exact sequence from Exercise (4) (e) to compute. You may use that
simplicial and singular homology are isomorphic.

(a) Compute the homology groups Hsing
n pX,Aq when X is S2 or S1 ˆ S1 and A is a

finite set of points in X.

(b) Compute the homology groups Hsing
n pX,Aq and Hsing

n pX,Bq for X a closed ori-
entable surface of genus two with A and B the circles indicated in the below
Figure.

(6) (a) Using the long exact sequence of relative homology prove that if ι : A ãÑ X is a
retract, then

Hsing
n pXq – Hsing

n pAq ‘Hsing
n pX,Aq, 0 ď n.

Hint: For a short exact sequence 0 Ñ A
i
Ñ B

j
Ñ C Ñ 0 of abelian groups the

following are equivalent:

(i) There exists a homomorphism s : C Ñ B such that js “ 1C , and

(ii) there exists an isomorphism B – A‘ C.

(b) Prove that if the inclusion ι : A ãÑ X is a deformation retract, then for 0 ď n,

Hsing
n pιq : Hsing

n pAq – Hsing
n pXq, Hsing

n pX,Aq – 0.

(7) (a) Let x P Rn be an arbitrary point. Express Hsing
˚ pRnztxuq in terms of homology

groups of spheres.

(b) Let rys P RP 2 be an arbitrary point. Express the homology groupsHsing
˚ pRP 2ztrysuq

in terms of homology groups of spheres.

(c) For n P N, let CPn :“ pCn`1zt0uq{ „, where z „ z1 if there exists a λ P Czt0u
such that z “ λz1. The spaces CPn are called the complex projective spaces.

Consider an arbitrary point rzs P CP 2. Express Hsing
˚ pCP 2ztrysuq in terms of

homology groups of spheres.


	

