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Exercise 29. Consider the natural action of GLn on An . Compute the orbits, as well as the
partial order defined in Exercise 11, of the following subgroups of GLn and draw the orbits for
n = 2.
(a) GLn .
(b) B, the subgroup of upper triangular matrices.
(c) U , the subgroup of unipotent upper triangular matrices.
(d) T , the diagonal torus.
Exercise 30. Let U be a unipotent group over the (algebraically closed) field k. Show that
(a) if char k = 0, then U is connected.
(b) if char k = p > 0, then the number of irreducible components of U is a power of p.
Exercise 31. Let G be a linear algebraic group and let Gab := G/Gder and π : G → Gab the
canonical projection. Show that Gab is Abelian and satisfies the following universal property. For
any homomorphism of linear algebraic groups ϕ : G → H with H Abelian there exists a unique
morphism ϕab such that the diagram
G
π

ϕ

H
ϕab

ab

G
commutes.

Exercise 32 (Decomposition series). Calculate the decomposition series of the following linear
algebraic groups.
(a) B.
(b) GLn .
You may use without proof that SLn (k) is generated by the elementary matrices Ei,j (λ) for
1 ≤ i 6= j ≤ n and λ ∈ k, where Ei,j (λ) denotes the matrix whose entries are 1 on the diagonal, λ
at the (i, j)-coordinate and 0 otherwise.
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