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Linear algebraic groups (MA 5113)

Announcement: The Wednesday lecture has been rescheduled.
It will take place 12.00(s.t.!) - 13.30 from now on.

Exercise 17 (Tangent space of the product variety). Let k be an algebraically closed field.
(a) Let X be an affine variety over k and X; C X a closed subvariety with Zx (X1) = (f1,..., fm)-

Show that for every x € X7,
T,.X1={0€T, X |Vi:0f; =0}
(b) Let X,Y be two varieties over k, zg € X,y € Y two points. Denote

tx: X > X xY,x— (z,y0)
ty: Y = X XY,y (z0,y)
Prove that
dix ®dry: To X @ T,)Y = T(z,)(X xY)
is an isomorphism.
Exercise 18 (Differentials of certain morphisms). Let G be a linear algebraic group over k with

multiplication m: G x G — G and inverse i: G — G. Show that, using the above identification
Te,e)(G x G) = T.G © T.G from the previous exercise, we have

dm(X,)Y)=X+Y,
di(X) = -X.

Exercise 19 (Examples of Lie algebras). Assume that char k # 2. Determine the Lie algebras of
the following linear algebraic groups over k& and determine their dimension.
(a) T := {(ai,j) e GL,, | Vi 75] 1045 = 0}
(b) O, :={A€GL, | A- AT =1}
(C) Sp2n = {A € GLQn | A-J- AT = J}, where J = ((—1)6j>" . (;i’QnJrl,j)Z‘,j
You may use without proof that the ideal given by the equations in (b) and (c) is a radical ideal.

Representations of Lie algebras: For any finite dimesensional k-vector space V', we denote by gl(V)
the Lie algebra of a GL(V') considered as a linear algebraic group. A morphism of Lie algebras
g — gl(V) is called a representation of g. One way to obtain a representation of the Lie algebra g of
a linear algebraic group G is to consider the differential d¢: g — gl(V') of a rational representation
¢: G — GL(V). Note that in particular g “acts” on V, since gl(V) = End(V). One also has the
following alternative description of this action. If we consider the representation ¢ as a morphism
of varieties
i GV 5V, (g,0) o 6(g) - v

and take the differential at (e,0) we obtain
(df)(e70)t g X V - V.

One can show that this “action” is identical to the one above.



Exercise 20 (Tensorial constructions). Let G,G1, G2 be linear algebraic groups with respective
Lie algebras g, g1, g2. Moreover assume that we are given rational representations ¢: G — GL(V)
and ¢;: G; — GL(V;) (i=1,2).

(a) Consider the (rational) representations

$1 @ ¢2: G1 x Gg — GL(V1 @ Va),(¢1 © b2)(91, 92) (v1,v2) = (¢1(91)(v1), P2(g2)(v2))
$1 @ p2: G1 x G2 = GL(V1 @ Va2),(d1 @ ¢2)(g1, 92)(v1 @ v2) = ¢1(g1)(v1) @ P2(g2)(v2)

Show that the corresponding representations of the Lie algebra gy @ go are given by

d(¢1 & ¢2)(X1, X2)(v1,v2) = (d1(X1)(v1), dp2(X2)(v2))
d(p1 ® ¢2)(X1, X2)(v1 ® v2) = dé1(X1)(v1) ® v2 + v1 ® dp2(X2)(v2).

(b) Similarly, consider the rational representations

®"¢: G — GL(V"),(@"9)(9)(v1, -, vn) = (¢(g)(v1), - .-, D(g)(vn))
®@"p: G — GL(VE"),(®"9)(9) (11 @ ... @ vn) = ¢(9)(v1) @ ... @ ¢(g)(vn).

Conclude that their differentials are given by

d(@"P)(X)(v1, ..., vn) = (dP(X)(v1), ..., dpn(X)(vn)).

n

A@"P)(X) (01 ® ... Qvs) =Y 0 ®...®dp(X)(v;) @ ... vy

i=1
(c) The n-th exterior algebra \"V of a k-vector space V is defined as
V@™ / span(S)

where S C V®" is the set of tensors v; ® ... ® v, such that there exist 7, j with v; = v;. The
image of 11 ® ... ® v, is denoted by v; A ... Awv,. This vector space is also called alternating
product because of the rule

VIA AU, = (_1)signcr V() N A Vg (n)

for any permutation o € &,,.
Now consider the rational representation

A'¢: G = GL(A V), (\"0)(9) (1 A+ Av) = d(g)(01) A~ A d(g)(vn)-

Prove that .
A(N"G)(X) (1 A Avy) =Y o1 A AdG(X) () A Ay
i=1

Deadline: Friday, 24th November, 2017

If you have any questions regarding the exercises, please send an email to hama-
cher@ma.tum.de. The exercise classes are Fridays, 10-12 in room MI 02.08.020. Fur-
ther information about our lectures and exercises are available under http://www-mi1.
ma.tum.de/viehmann/viehmann-linear-algebraic-groups/.
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