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Obviously, 0 € H, so H is non-empty. Let U be any open neighbourhood
of 0. Then —U is one, too, so —H = H. Let x,y € U. Then U — y is open
and contains y. Sox € U —y, ie. x +y € U.

Obviously, K C K, so K is non-empty. Let U be any closed set containing K.
Then —U is closed and contains —K = K. So —K = K. Now first, let x € K.
Then K = x + K C x + K. Since x + K is closed we have K C x + K and
—x + K C K, whence K+ K C K. Now second, let x € K. Then K+ x C K
by the above computations. This implies K+ x = K+ x C K. We deduce
K+KCK

Let y, 1 denote the addition and inversion maps. Let x € Z and n € IN be
arbitrary. First,
T U, (x)) = Uy (—x).

Second,

pH(Un(x) = U (Un(y) x Un(x — y))-
yeZ

Both right hand sides are open.

(ar)ken is Cauchy if and only if for all open neighbourhoods Ux(0) of
zero there exists an 19 € IN, such that for all k, k' > ny we have a, —ay €
Un(0) = pNZ. Le. pN | a; — ap.

First, using k' = k+ 1 in part (2.), we see that the sequence (aj)ren is
Cauchy if and only if for all N € IN there exists nyp € IN such that for all
k > ny we have pV | ¢;. This we can reformulate to vp(cx) — co in N (with
ordinary metric topology) or to ¢y — 0 in Z with p-adic topology.

Second, using the result for (ay)reN, we see that (a;)ren is always Cauchy.
Le. in the p-adic completion Z, all power series in p converge.



