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Abstract

We consider complete graphs with edge weights and/or node weights taking values in some
set. In the first part of this paper, we show that a large number of graphs are completely
determined, up to isomorphism, by the distribution of their sub-triangles. In the second part,
we propose graph representations in terms of one-dimensional distributions (e.g., distribution
of the node weights, sum of adjacent weights, etc.). For the case when the weights of the graph
are real-valued vectors, we show that all graphs, except for a set of measure zero, are uniquely
determined, up to isomorphism, from these distributions. The motivating application for this
paper is the problem of browsing through large sets of graphs.

Introduction

Graphs in general, and more particularly weighted or vector weighted graphs, are often used to
represent complex structures such as 3D objects ( Foulds 1992). This is often done, for example, when
trying to determine whether two objects have a similar structure: by using a graph representation,
the problem is simplified into determining whether the two underlying graphs are similar. The
problem of determining whether two graphs are the same, up to a relabeling of the nodes, is called
the graph isomorphism problem. While graph isomorphism is not an NP hard problem, it is still
very hard. In fact, the problem is sometimes assigned to a special complexity class called graph
isomorphism complete (Skiena [29]).

Graph isomorphism has been a mainstream research problem for more than 30 years (Gati [I3],
Read and Corneil [25]). Over these years, several solutions have been developed, including graph
matching methods (Corneil and Gotlieb [§], Ullmann [32], Kitchen and Rosenfeld [I7], Kim and
Kim [T6], Falkenhainer et al. [I1], Horaud and Skordas [T5], Myaeng and Lopez-Lopez [23]), canon-
ical labeling representation methods (McKay [19]), graphs invariants (Corneil and Kirkpatrick [9],
Umeyama [33], Chung [7], Messmer and Bunke [21], Messmer and Bunke [22]), graph matching
based on error-correcting isomorphism methods (Tsai and Fu [80], Shapiro and Haralick [2§], Sanfe-
liu and Fu [26], Eshera and Fu [10], Wong [35]), and approximate graph matching methods (Herault
et al. [T4], Kittler et al. [IR], Christmas et al. [6], Almohamad and Duffuaa [1]). In this paper, we
show that many graphs can be uniquely reconstructed from some simple distributions. For example,
in the first section of the paper, we show that a large number of weighted graphs can be uniquely re-
constructed from their distribution of subtriangles. In other words, their distribution of subtriangles
provides a faithful (i.e., lossless) representation for these graphs. This means that isomorphism can
be detected simply by comparison of the respective distribution of triangles. For simpler comparison
and visualization, we also introduce graph representation in terms of one-dimensional distributions
(e.g., node weights, edge weights and sum of adjacent edge weights). As we show in Section B for
many graphs, these representations are lossless. Actually, when the weights of the graphs take values
inside R, the set of exception form a set of measure zero. This work can be viewed as an extension
to graphs of the representations we proposed in (Boutin & Kemper 2004) for point configurations.

The results we present are interesting both from a graph theory point point of view and from an
application point of view. From an application point of view, having a faithful representation which
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can be compared quickly is useful in the case where many graphs need to be compared in a short
amount of time. For example, an important problem is the problem of browsing for graphs within a
large database. In this problem, being able to compare graphs quickly is a key issue. However, this
is not the only issue. Indeed, exhaustive searches are not efficient ways to query a large database
because their complexity is proportional to the size of the database. For faster search, an index
structure must be built. Database indices exploit the presence of natural clusters in the dataset to
successively rule out large regions of the data space. Unfortunately, some datasets do not exhibit
natural clusters, particularly high-dimensional ones (Beyer et al. [2]). Indeed, while some high-
dimensional datasets can be dealt with successfully (Shaft and Ramakrishnan [27]) (e.g., when the
underlying dimensionality of the dataset is much lower than the dimension of the vectors), clusters
can usually only be found in low-dimensional projections of the high-dimensional vectors (Wang and
Yang [34]). However, projecting graph representations which are not invariant under isomorphism
is unproductive because the labeling ambiguity blurs the distinction between the dimensions being
projected. Thus an isomorphism invariant representation is needed. Moreover, a faithful repre-
sentation guarantees the highest level of comparison accuracy. In particular, small distinguishing
features are guaranteed to be preserved. In other words, for a large set of graphs, the proposed
representations provide explicit coordinates to represent graphs, and thus naturally lend themselves
to the array of database projection and indexing techniques available in the literature. This is in
contrast with many current graph indexing approaches which first approximate the structure with
a lossy representation before indexing.

From a graph theory point of view, there is a long tradition of considering subgraphs of a given
graph and asking how much information about the graph is contained in its subgraph structure.
Perhaps the most important example of this approach is Ulam’s conjecture (see Ulam [B1]), also
called the reconstruction problem. The conjecture can be stated as follows: Let G be a simple non-
directed graph with n > 3 nodes (simple means for each pair of nodes there either is an edge between
them or not). Take the set of all isomorphism classes of (n — 1)-subgraphs of G, i.e., all graphs
obtained from G by deleting one node. To each of these isomorphism classes assign its multiplicity,
i.e., the number of nodes of G whose deletion leads to a graph in this isomorphism class. The set
of isomorphism classes together with their multiplicities is an example of a multiset. We call it the
distribution of (n — 1)-subgraphs of G. Ulam’s conjecture states that every simple graph with n > 3
nodes is uniquely determined, up to isomorphism, by the distribution of its (n — 1)-subgraphs. This
is often phrased by saying that G is reconstructible from its (n — 1)-subgraphs. Ulam’s conjecture
is still open. Using computational techniques, McKay [20] showed that it holds for n < 11. See also
Pouzet and Thiéry [24] for some background and related questions.

Given the difficulty of Ulam’s conjecture, there is no way that we could expect that all non-
isomorphic graphs can be distinguished by their distributions of subtriangles. Indeed, the first
counter example occurs when one looks at graphs with 5 nodes. The example is given by the two
graphs in Figure[ll So the question is just how well the distribution of subtriangles discriminates
graphs, and how it compares with other graph invariants. As we show in Section B quite a large
number of graphs can be uniquely represented from their distribution of triangles.

Figure 1: Non-isomorphic graphs with the same distribution of subtriangles.
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1 Preliminaries

By a graph G with n nodes we understand a function which assigns to each subset {i,j} C
{1,...,n} an element gy, ;1 in some set X. The value gy; ; is interpreted as the weight of the edge
between the nodes i and j. Typically, X will be R or R%, but any other set, including finite sets,
are possible. In other words, the graphs we consider are complete, undirected graphs with weighted
edges, including edges between a node and itself. The values gy; ;3 between a node and itself may
be interpreted as a node weight. Other classes of graphs are included as special cases:

e We may consider nodes i and j with g¢; ;; = 0 (or some other designated value in X) as not
connected. So the case of incomplete graphs is included. The set of edges will be

{{Za.]}g{177n}|g{z7j}7éo} (11)

e If all node weights gy; ;3 are equal, this amounts to the same as saying that there are no node
weights. So the case of graphs without any node weights and without edges between a node
and itself is included. Likewise, we may consider graphs which have node weights but no edge
weight.

o If all gg; ;3 lie in {0, 1}, then G may be considered as a simple graph, i.e., a graph which has
no edge weights. The set of edges of G are then given by ([CII).

Let G and G’ two graphs, both with n nodes and edge weights g(; ;3 and gf{i ;1 in the same set
X. We say that G and G’ are isomorphic if there exists a permutation 7w € S,, such that

9(igy = Yiniym(yy forall dje{l,... ,n}

We write G = G’ for this.

Let D be a function which assigns a value to each graph G with n nodes and edge weights in
a set X. We say that D is a class function if G = G’ implies D(G) = D(G’). Assume that D
is a class function and G is a graph. We say that G is reconstructible from D (or, by abuse of
language, reconstructible from D(G)) if for all other graphs G’ with n nodes and edge weights in
the same set X, we have the implication

D) =D(G) = G =G.

Note that saying that G is reconstructible from D is equivalent to saying that D is a lossless
representation of G. Sometimes we will restrict G and G’ to special classes of graphs, such as
graphs with edge weights but no node weights. So reconstructibility of G from D means that
D(G) determines G up to isomorphism. The word “reconstructible” should not be misunderstood
to mean that we actually have a method for constructing G, or an equivalent graph, from the
knowledge of D(G). In Section Bl we will consider various class functions Dy, ..., D,. We say that
G is reconstructible from Dy, ..., D, if for all other graphs G’ with n nodes and edge weights in the
same set X, we have the implication

DG =Di(G) forall ic{l,....r} = G =G.

All functions D on graphs that we consider will assign a distribution to a graph G, the simplest
example being the distribution of all edge weights gy; j;. To make this precise, we use the concept
of a multiset. A multiset is a set M together with a function M — N5 g into the set of positive
integers, which we interpret as assigning a multiplicity to each element of M. Two multisets
are considered equal if their underlying sets and multiplicity functions are equal. If we speak of
the multiset consisting of all a; for some range of ¢, we mean that the multiplicity of each a; is

{7 | a; = a;}|.



4 M. Boutin, G. Kemper

A typical statement using this language would be that a graph G with edge weights gy; ;) is
reconstructible from the distribution of its edge weights gy; j1. It is easy to see that this statement
is true if and only if all edge weights of G are equal. However, if we restrict to graphs which have
no node weights, then every graph with at most three nodes is reconstructible from the distribution
of its edge weights.

2 Reconstructibility from the distribution of subtriangles

Let G be graph with n > 3 nodes and edge weights g;; j; € X. In order to get a more distinctive
notation for edges between a node and itself, we write w; := gy; ;1, which we interpret as the weight
of the node i. For 4,5,k € {1,...,n} pairwise distinct, let t(i, ;1) be the multiset consisting of the
ordered pairs (g, j3, Wk), (94i,k}>w;), and (gg;x},wi) € X x X. So ty; j i} represents the subgraph
of G with nodes i, j, k. Taking t(; ;) as a multiset means that we do not assign any ordering on
the nodes, so the subgraph is considered up to isomorphism. Such a subgraph t(; ; x) will be called
a subtriangle. Moreover, let 7 be the multiset consisting of all tg for S C {1,...,n} with |S| = 3.
7T¢ is called the distribution of subtriangles of G. If G’ is a graph with weighted edges such
that G’ is isomorphic to G, then clearly 7g: = 7g, so 7T is a class function.

2.1 A partial isomorphism

The following lemma establishes a “partial isomorphism” between graphs having the same distri-
bution of subtriangles. Theorem and Corollary 2] deal with situations where this is a “full”
isomorphism.

Lemma 2.1. In the above situation write
Po={{i,j}|1<i<j<n}
and
E:={SeP|gr+#gs foralT e P\{S}}.

Let G’ be a further graph with edge weights gf{ij} and node weights w; such that Te: = Tg. Then
there exists m € Sy, (the set of bijective maps {1,...,n} — {1,...,n}) such that

(a) for allie€ {1,...,n} we have
wi = Wiy,
(b) for all {i,j} € E we have
/
gy = Iim(i) (i)}
(c) fori,j,k € {1,...,n} pairwise distinct with {i,k} € E and {j,k} € E we have

!
{43} = Y= (i), m(h)}

Proof. Since 7¢g has (g) elements, it follows that G’, like G, has n nodes. For S,T € P we have by
the definition of E:

if SeFE or TeFE then gg=gr implies S=T. (2.1)

Form the union (with adding multiplicities) of all multisets t; ; »} lying in 7¢, and then take the
multiset consisting of the first components of all (g¢; j1,ws) lying in this union. This yields the
multiset consisting of all gg, S € P, counted n — 2 times for each S € P. Since 7o = 7g, this
implies that the multiset of all gg, S € P and the multiset of all g%, S € P, coincide. With

E ={SeP|gr#gsforall Te P\ {S}},
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it follows that there exists a bijection ¢: F — E’ such that:
forall S€E wehave g, =gs- (2.2)
From the definition of E’, we obtain for all S,T € P:
if SeE or TeFE then g5=g, implies S=T. (2.3)
Claim 1. For all S,T € E we have:
SNT#Q <  o(S)Ne(T) #0.

The claim is clearly true if S = T, so we may assume that S # T. To prove the implication
“=7 write S = {i,5}, T = {i,k} with 7,5,k € {1,...,n} pairwise distinct. The (multi-) set
{(9¢i,53> wr), (9gi.xy>w;)s (9¢5,ky, wi)} occurs in 7g and therefore also in 7g:. Hence there exist
pairwise distinct 7, s,¢ € {1,...,n} with

{g{i,j}ag{i,k}ag{j,k}} = {gi{ns}ag%nt}ag:{&t}}

By ([22) this implies
/ / ! ! /

{etiim 9ottirnd S {90msy Sirayr Sisn I
so by @3)

(i, g}), e (i, k}) € {{r, s} {r 1}, {s,t}}.
This implies ¢ ({4,7}) N ({i, k}) # 0.

To prove the converse, write ¢(S) = {i,j} and ¢o(T) = {i,k} with 4,5,k € {1,...,n} pair-

wise distinct. Since {(gf{i’j}, wy,)s (gf{i’k}, wy), (gf{j7k}, w})} occurs in 7 there exist pairwise distinct
rys,t € {1,...,n} such that

{g{{i,j}a g{{i,k}a gj{]7k}} = {g{r,s}a 9{rt}> g{s,t}}~

But g5 = gf{m} and gy = gf{i,k} are elements in the set on the left hand side, so by () we see that
SNT # (). This completes the proof of Claim [I
For i € {1,...,n}, write

N;:={je{1,....n}|{i,j} € E}.

Define
I={ie{l,...,n}||N;| > 2}.

Claim 2. For every i € I, the intersection (;cy, ¢ ({4,j}) has precisely one element.

Indeed, the injectivity of ¢ implies that the intersection has at most one element. Let ¢ € I
and choose j, k € N; distinct. By Claim [, ¢ ({¢,5}) and ¢ ({4, k}) have non-empty intersection,
so we can write ¢ ({i,5}) = {r,s} and ¢ ({i,k}) = {r,t} with r,s,t € {1,...,n} pairwise distinct.
We have to show that for every | € N; we have r € ¢ ({i,l}). Assume the contrary. Since
¢ ({4,1}) has a non-empty intersection with {r, s} and with {r,¢} by Claim [ r ¢ ¢ ({i,}) implies
¢ ({i,1}) = {s,t}. Since {(g{, oy, wt), (9}, 1y We), (95,4, wi)} occurs in e, there exist pairwise
distinct u, v, w € {1,...,n} such that

{90y Gtuwys Gy} = 190051 9y sy} = 194033 9Lk 9Ll s

hence by 1) we have {{u,v},{u,w},{v,w}} = {{i,j},{i, k}, {i,1}}. Forming the intersection of
both sides yields the contradiction @ = {i}. This proves Claim B
By Claim B, we may define a map 7: I — {1,...,n} by

() ¢ {i.g}) ={r(i)} forall i€l (2.4)

JEN;
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Claim 3. The map = is injective.

To prove this claim, assume that there exist 4,7 € I with ¢ # r such that 7 (i) = w(r). Choose
j,k € N; distinct and s,t € N, distinct. By @4l we have

m(i) =7(r) € e ({i,s}) N ({i,k}) N ({r,s}) ne ({rt}), (2.5)
{t,7}n{r,s} #0 and {i,5}N{r,t} #0

by Claim [ This implies ¢ = s or ¢ = t or j = r. In all cases, {i,r} € E follows, thus we may
specify our choice of k and ¢ further by setting k = r and ¢ = 4. This choice implies j # r and s # 7.
Now {i,7} N{r, s} # () implies s = j. From (&) we obtain

m(i) € o ({i,5}) N ({i,r}) N ({4 r}) . (2.6)
Since TG/ = TG, there exist pairwise distinct w,v,w € {1,...,n} with {gg j}, 9iry 94, T}} =
(94w} (uwy> I,y - Using [2) we obtain {gmu}) o) I orn) ) = Wy Stuwyr 9oy b
SO
{e{i, i}, e{i,r}), e ({4, r})} = {u, v}, {u, w}, {v,w}}

by ([23)). Forming the intersection of both sides yields a contradiction with [ ). This proves
Claim Bl

Claim 4. For all ¢, € I with {i,j} € E we have

¢ ({i,j}) ={r(@), ()}
Indeed, {i,j} € E implies j € N, and i € N;, hence by (Z4)

m(i) € p({i,j}) and 7(j) € ¢ ({i,j}).

Since ¢ and j are distinct, Claim Bl implies 7 (i) # m(j). Now Claim H follows, since ¢ ({i,5}) has
precisely two elements.

Claim 5. For every ¢ € I we have

/ — .
wﬂ_(z) = W;.

(Recall that w; is the weight of node 4, see before the statement of the theorem.)
For the proof, let i € I and choose j, k € N; distinct. Because 7+ = ¢, there exist pairwise
distinct 7, s,¢ € {1,...,n} such that
{(g{i,j}a W), (g{i,k}7 U)j), (g{j,k}7 wl)} = {(gf{r,s}v w;&)v (gf{r,t}ﬂ w;), (gl{s,t}v U}/T)} (2.7)

By (32 it follows that
/ / / / /
e (tig) Jotiand S (a1 9ty Sisn -
By 4l we can write p({i,j}) = {n (i), u} and ¢({i, k}) = {w(¢),v} with u,v € {1,...,n}\ {w()}

distinct. Now the above inclusion together with 3) implies
Hr (@), ub, {7 (i), v}} € {{r, s}, {r.t}, {s,t}},
so {m(i),u,v} = {r,s,t}. With this, 1) becomes
{(9gi.gy> we)s (9giky s w5)s (9gsky, wi) } = {(gl{ﬂ(i),u}7 w,), (gl{ﬂ(i)ﬂ)}’ w,), (gl{u,v}ﬂw;(i))}'

We have gg; 53 = g{ﬁ(l) u} and gy 5y = g{w(l) o} Since g{l i}s 94ik}s 9¢j,k} are pairwise distinct, it
follows that (g, x},w:) = (g{u v} 7r(1)) Hence w; = w’ (i) proving Claim B
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Set B:={je{l,...,n} ||N;| =1} and
Bolz{j€B|Nng}, Blz{]€B|NJg{1,,n}\I},

so B is the disjoint union of By and B;. For every j € By there exists a unique 7 € IV;, and this ¢
lies in I. We also have j € N;, so w(i) € ¢ ({i,5}) by ). We can thus extend 7 to a map

7 TU By — {1,...,n} by setting  ({i,}) = {r(i),x(j)}.
Claim 6. The map 7: JTUBy — {1,...,n} is injective, and for 4, j € TU By with {4, j} € E we have

v ({i,5}) = {m (@), 7(5)}-

To prove this claim, take i,5 € I U By distinct. If 4,5 € I, then both assertions follow from
Claims Bl and B

Next, assume ¢ € I and j € By. The second assertion follows from the definition of 7. By way
of contradiction, assume that 7(¢) = 7(j). Choose k,l € N; distinct and write N; = {r}. Then

m(i) = 7(j) € p ({i; k) N ({6, 1) N ({4, r})

so Claim [Mlimplies ¢ = r or {k,{} = {j,r}. The second case implies j € N;, or, equivalently, i € N,
so i = r in this case, too. We obtain

e ({7, r}) = {x(4), 7(r)} = {= (), =(1)},

which implies 7(z) # 7(j) since ¢ ({j,r}) has two elements.
Finally, assume i,j € B distinct. Then {3, j} ¢ E by the definition of By, so the second
assertion of Claim [ holds automatically. Write N; = {k} and N; = {I}. Then

o ({i,k}) ={n(i),n(k)} and o ({j,1}) ={x(j), =)}
by the definition of 7, hence (i) = w(j) would imply {¢,k} N {j,1} # 0 by Claim[ so k = [ since
1,7 € Bg but k,l € I. But then
o ({i,k}) ={n(i),m(k)} = {x (), (D)} = ({5, 1}) = ¢ ({4, k}),
contradicting the injectivity of ¢. Therefore (i) # m(j), which completes the proof of Claim [
Claim 7. For every i € I U By we have w; = wﬂ(l

The proof is similar to the one of Claim B First, if ¢ € I this is Claim B So assume i € By and
write N; = {j}. Since j € I, we can choose k € N, \ {i}. Because 7g = 7g, there exist pairwise
dlstmct r,s,t € {1,...,n} such that

{(g{i,j}awk)a (9¢ikys wi)s (9Gky wi) b = {(g{{r,s]ﬁwl/ﬁ) (g{rt}’ wy), (g{s t} W w;)}. (2.8)
By 232, it follows that

e i 9otimn S A9ty 9 9 -
By Claim Bl we have ¢({7,j}) = {m (i), 7(4)} and ©({j, k}) = {w (), 7(k)}. Now the above inclusion
together with (23)) implies
{m (@), 7()} Am (), m(k)}} € {{r: s}, {r 1} {s,}},
so {n(@),m(4),m(k)} = {r,s,t}. With this, ) becomes

{(9gi 51> wr), (9giky> wj), (9 wi)} =
!/ !/ !/ ! ! !
{9ty W) Gimiy i)y Wa(i))s (Gm () m 0} Wiy )}

We have gg; 1 = gl{ﬂ(i)m(J)} and gy 5y = g{ﬂ(J) (k)} Since gy;, J} 9{ikYy» 945k} are pairwise distinct,
it follows that (g¢;x),w:) = (g{ﬂ(]) 2(k)}> 77(1 ))- Hence w; = wﬂ(l), proving Claim [
Now we turn our attention to Bj.
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Claim 8. Let 4,j € By with {i,j} € E, and write ¢({i,5}) = {I,m}. Then
{wi, wj} = {w;, w;n}
For the proof, choose k € {1,...,n}\ {i,j} arbitrary. Because Tg: = 7¢, there exist pairwise
distinct 7, s,¢ € {1,...,n} such that @3) holds. We have g{; .\ = g{; j}, so by @3) we conclude

{l,m} € {{r,s},{r,t},{s,t}}, and by interchanging the roles of r, s and ¢ we may assume that
{l,m} = {r,s}. So we must have (gf{l’m},wk) = (gf{m},wg), and (Z8) becomes

{(9gi,ky, w5), (9gjy, wi)} = {(g%m}, W), (g:{mt}v wp)}-

Claim Bl follows from this.

For each ¢ € By we have N; = {j} with j ¢ I, so j € By and thus N; = {i}. Thus we may
extend 7 to a map m: I UB — {1,...,n} such that for all 4,j € By with {i,j} € E we have
©{i,3}) = {m(@),n(j)}. This condition still holds if the values of 7 (i) and m(j) are swapped.
By Claim B it is possible to specify the extension of 7 further such that

_ /!
w; = wﬂ(l)

for all i € Bj.
Claim 9. The map 7m: TU B — {1,...,n} is injective, and for ¢,5 € I U B with {4,j} € FE we have

v ({i,5}) = {m (@), 7(5)}-

For the proof, take i, 7 € TUB distinct. If ¢, j € U By, then both assertions follow from Claim B

Next, assume ¢ € I U By and j € By. Then {4,j} € E is impossible, so the second assertion is
automatic. It follows from the definitions of I, By and By that there exist k € I U By and [ € By
such that {i,k},{j,1} € E. From Claim [l and the definition of 7 we have

p ({i,k}) = {x(@),m(k)} and @ ({j,1}) = {x(4), =)}
But {i,k}N{j,1} C(IUBy)N By =0, so

{m(@), w(k)} N {7 (), 7(D} = e ({i, k) N ({5,13) = 0

by Claim [ This implies 7 (i) # 7(j).

Finally, assume 4,5 € B;. If {i,5} € E, then ¢ ({i,j}) = {7 (7),7(j)} by the definition of 7. In
that case, m(i) # m(j) since ¢ ({,7}) has two elements. On the other hand, if {i,j} ¢ E, there
exist k,l € By with {4,k},{j,1} € E. The definition of B implies k # I, and {4, j} ¢ E implies i # [
and k # j. Hence {i,k} N {j,} = 0. By Claim [ this implies

{m(@), m(k)} N {7 (5), 7(D} = v ({1, k}) N ({5, 1}) = 0,

so m(i) # m(j). This completes the proof of Claim @

In summary, we have an injective map m: /U B — {1,...,n} with the property that w; = w;(i)
for all i € TUB. Form the union (with adding multiplicities) of all multisets tg; ; »} lying in 7g, and
then take the multiset consisting of the second components of all (g(; ;3,ws) lying in this union. This

yields the multiset consisting of all w;, i € {1,...,n}, counted (") times for each i € {1,...,n}.
Since 7g = 7g, this implies that the multiset of all w;, i € {1,...,n} and the multiset of all w,
j€{1,...,n}, coincide. Therefore we can extend 7 to obtain a bijection 7: {1,...,n} — {1,...,n}
such that

holds for all ¢ € {1,...,n}. This map 7 induces a bijection ¢,: P — P defined by

or ({i,5}) = {n (i), =(j)} for {i,j}eP.



Lossless Representation of Graphs using Distributions 9

For {i,j} € E we have i,j € I U B by the definition of I and B, hence Claim [ says that the
restriction of ¢, to E is ¢. Thus for {i,;j} € F we have
o o o
iy = Je((id)) = Jer({ig)) = Hn(i)m(i)}>

where the first equation follows from (ZZ). Finally, take 4,4,k € {1,...,n} pairwise distinct with
{i,k},{j,k} € E. By the above, this implies

ik} = Iim(iyry A GGk = Ilr(ymh)- (2.10)
Since 7¢v = T¢, there exist pairwise distinct r,s,¢ € {1,...,n} such that
{9031 9003 906k Y = 90081 Tty Is03 - (2.11)

Using (ZI0) and ), we obtain
(@), m(k)} Am (), w(k) 1y < {{r,sh {r 2} {s, 1},
so {r,s,t} = {n(i),n(j), m(k)}, and &Il becomes

{9651 9.0y 900y Y = {90m ) 2 ()1 Iin () (0} Iim ) m ()} T

Since the set on the left side has three distinct elements, we conclude, using ZT0), that g¢; ;3 =
Iin(i)n(y- This completes the proof. O

2.2 Distinct weights

We say that a graph G with weighted edges is reconstructible from the distribution of sub-
triangles if G is reconstructible from 7. In other words, we demand that every graph G’ with the
same distribution of subtriangles as G is isomorphic to G.

Ezample 2.2. Figure[llon pageBPshows a pair of graphs which are not isomorphic, but have the same
distribution of subtriangles. Each edge that is drawn represents an edge of weight 1, and an edge
which is not drawn represents weight 0. The node weights can all be taken to be 0. Simple counting
reveals that in both graphs there are two subtriangles with all edge weights 0, four subtriangles
with one non-zero edge weight, four subtriangles with two non-zero edge weights, and no subtriangle
with all weights non-zero. So there exist graphs which are not reconstructible from the distribution
of subtriangles. In fact, Figure [l gives the simplest such example. <

Let 0 € X be some distinguished weight, so gg; ;3 = 0 may be interpreted as saying that the
nodes ¢ and j are not connected. The hypotheses of the following theorem sound a bit technical.
For that reason we formulate a special case as Corollary 24l where the hypotheses are easier to
state (and to remember), so readers might wish to read Corollary 24l first. Example X0 is a typical
example where the hypotheses of Theorem B3 but not those of Corollary B2l are satisfied.

Theorem 2.3. Let G be a graph with n > 3 nodes, with edge weights g¢; j1 and node weights
wi = gqi4y- Wrile
P:={{i,j}|1<i<j<n}

and
E:={SeP|gr+#gs foralTeP\{S}}.

Assume that for every {i,j} € P at least one of the following conditions holds:
(i) {i,j} € E,
(ii) there exists k € {1,....,n}\{i,7} such that {i,k} € E and {j,k} € E, or



10 M. Boutin, G. Kemper

Then G is reconstructible from the distribution of subtriangles

Proof. Let G’ be a graph with 7g» = 7, and let m € S, be a bijection as given by Lemma 211
Writing ¢,: P — P for the map induced by 7, we obtain

o o
Higt = Jen{igh) = (i) (i)}
for all {i,j} € P satisfying condition (i) or (ii) of the theorem. In particular, if gg is non-zero for
an S € P, then the same is true for g;ﬂ( )" But since the multisets of all gg and of all g coincide
(see the beginning of the proof of Lemma TI), it follows that if gg is zero, then g;ﬂ(s) is zero, too.
So for {i,j} € P satisfying condition (iii) we have

N — A ]
9403y = 0= 9o (figh) = Iin(m (i)}

In summary, we have gg; ;3 = 9I{ﬂ(¢).w(j)} for all {i,j} € P and w; = w;(i) for all 4 € {1,...,n},
which means that G and G’ are isomorphic. |

The following corollary is just a weaker version of Theorem 3 The hypothesis means that 0 is
the only weight between distinct edges that may occur repeatedly, or, by interpreting weight 0 as
“not connected”, that the edge weights between pairs of connected nodes are pairwise distinct.

Corollary 2.4. Let G be a graph with n > 3 nodes, with edge weights gy; j; and node weights w; =
9iigy- Assume that for i, j,k,l € {1,...,n} with i # j and k # | we have that g¢; ;3 = grray 7# 0
implies {i,j} = {k,1}. Then G is reconstructible from the distribution of subtriangles.

Example 2.5. Figure @ shows a graph with 5 nodes to which Theorem B3] is applicable, but Corol-
lary B4l is not. Here a, b, ¢ and d denote pairwise distinct, non-zero edge weights, and edges which
are not drawn are to be understood as having weight 0. There are no node weights. (In fact, this

example would also be valid with node weights assigned arbitrarily.) N
L[]
d d
b
a C

Figure 2: A graph to which Theorem is applicable (edges which are not drawn have weight 0)

We conclude this section by asking whether distributions of subtriangles can be represented in
a practical, computer friendly way. Multisets are not very practical, since the are hard to visualize
and to compare. Whether a better representation exists depends on the set X in which the weights
9¢i;y and w; lie. If X is finite, we may assume X = {1,...,7 — 1} with an integer . A pair
(9¢i,j3>wk) can then be uniquely represented by the single integer gg; jyr + wi < r2. Instead of
representing a subtriangle ty; ; 11 as a multiset, we can order the elements (represented as integers

less than 72) by size, so we get 0 < a1 < az < az < r?. These can be uniquely represented by
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a;r* + agr? + a3 < rb Continuing this way, 7¢ may be uniquely represented as a single integer

between 0 and r5G) 1.

However, the situation becomes much more tricky if X is infinite. Even for X = R, it is far from
clear that there is a good way of representing the distribution of subtriangles, and for X = R¢ it
becomes harder still. That is why we turn to simpler, one-dimensional distributions in Section

2.3 Some statistics

The hypotheses of Theorem B3 and Corollary Z4 are, very roughly speaking, that the edge weights
are sufficiently distinct. It is therefore clear that these hypothesis will tend to be met if the weights
take a large range of values, and vice versa. But even if the weights lie in a small set, we can
hope that graphs are reconstructible from the distribution of subtriangles even if our theorem fails
to guarantee that. To get some idea of to how many graphs this applies, we ran some computer
experiments. The results are given in Table [1

For several values of n and m, we considered all graphs with n points, where the edge weights
appearing in the graph are precisely all integers between 0 and m — 1. We considered graphs
without node weights. The third column in the table gives the number of graphs which are not
reconstructible from the distribution of subtriangles, divided by the number of all graphs. For
example, 98.8% of all graphs with 5 nodes and 6 different edge weights are reconstructible from the
distribution of subtriangles. Even if most graphs are not reconstructible (as in the case of 6 nodes
and 2 different weights), it is still possible that there only exists a small set of pairs of graphs which
are not isomorphic but have the same distribution of subtriangles. In fact, this tends to be the case.
For example, there are 2'° = 32768 simple graphs of 6 nodes, affording 23° ~ 10° ordered pairs of
graphs. Among those, we found precisely 7680960 pairs of two graphs which are non-isomorphic but
have the same distribution of triangles. We interpret this by saying that for simple graphs with 6
nodes, the error probability of testing by subtriangles is 7680960/23° ~ 7.15-1073. These error
probabilities are given in the fourth column of Table [l

We compared this to the possibilities of discriminating non-isomorphic graphs by another in-
variant, the spectrum. This is perhaps the best-known graph invariant. By definition, the spectrum
of a graph is the set of eigenvalues, with multiplicities, of the adjacency matrix. The fifth column
of Table [ contains the error probabilities when one tries to discriminate non-isomorphic graphs by
using the spectrum. So the entry is the number of all pairs of cospectral graphs with a given number
of nodes and weights, divided by the number of all pairs. But the spectrum and the distribution
of subtriangles should not be regarded as competing invariants, because together they work best,
as the last column of the table shows. This column gives the error probabilities one gets when
combining the spectrum and the distribution of subtriangles.

The computation were all done by using the computer algebra system Magma (see Bosma
et al. [B]).

3 Reconstructibility from one-dimensional distributions

In this section, we concentrate on the case where the weights of a graph take on real (vector) values.
The representations we construct are in terms of simple one-dimensional distributions. As we show
in the following, except for a set of measure zero of graphs, the representations we propose are
lossless.

Most of the claims in this section are based on the following lemma. A proof can be found in
(Boutin € Kemper 2007).

5
i, 7 i, 5 = 1,...,n,¢t # j}. Let p € Syny. Then there exists a permutation m € S, such that
(3)

n
2

Lemma 3.1. Let n > 5. Consider the action of the permutation group S( ) on the set of pairs
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nodes | weights || non-reconst. || P, triangles | Pe spectrum | Pe;, combination
4 2 0 0 0 0
4 3 0 0 0 0
4 4 0 0 0 0
4 5 0 0 3.56 -10~% 0
4 6 0 0 0 0
5 2 0.15 3.45 1073 1.44 .10~ 0
5 3 0.15 2.83 1072 3.85 -107° 2.30 -107°
5 4 0.078 1.28 -107° 3.20 -107° 0
5 5 0.034 8.55 .10~ 491 1077 2.21 -107Y
5 6 0.012 8.64 -10~8 1.07 -10~7 0
5 7 0.0026 1.03 1078 3.07 .10 8% 0
6 2 0.63 7.15 1073 9.56 -10—° 4.02 -10~°
6 3 0.62 6.68 -10~° 4.28 -107° 8.12 1077
7 2 0.93 6.55 -1073 9.36 -10~° 6.55 -10°
8 2 0.99 3.97 1073 1.58 -107° 1.40 -107°

Table 1: Ratio of graphs which are not reconstructible from subtriangles, and error probabilities
using subtriangles and spectra

o ({in3}) = {n(i), 7)), for cvery i # j, if and only if o({i,3}) N @(Lj,k}) # 0 for cvery pairuwise
distinct i, 5,k € {1,...,n}.

3.1 Graphs with edge weights

We first consider the case of a complete graph with n nodes and real valued edge weights gy; ;. For
example, the nodes of the graph could represent a set of points on a circle, and the weights between
the nodes could be taken as the Euclidean distance between the corresponding points.

Denote by Dy(G) the distribution of the weights of the graph. Obviously, most graphs are not
reconstructible from the distributions of their weights. But in addition to the weights of the graph,
one can also consider the sums of weights assigned to adjacent edges, which we denote by «; ; ,
where

Qijk = ligy T 9{5k}

Denote by D, (G) the distribution of the «; ; ’s of a graph G. Observe that both D, (G) and D (G)
are unchanged under a relabeling of the nodes. Observe also that «; jr = ax, 4, therefore

{evijkli,j, k are distinct } = {oujrli,k # j,i <k} U{aijili, k #4,1 >k},
= Aaijrli,k #j.i <k}U{okali k # j,i > k},
{ijrlisk # 7,1 <k} U{aujxlik # 7,1 <k},

and so to compute D,(G), it is sufficient to compute the distribution of the «; j’s with 4,5,k
distinct and 7 < k. We now show that a large number of weighted graphs are reconstructible from
the distribution of their weights together with the distribution of the sum of weights assigned to
adjacent edges.

Theorem 3.2. Let G be a weighted graph with n > 5 nodes and weights gg; ;3 € R. Suppose that

94,5} + 9{j,k} 7& 9{m,p} + 9{q,r}>

for every pairwise distinct i,j,k and every pairwise distinct m,p,q,r. Then G is reconstructible
from Dy(G) and Do (G).
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Two Point Configurations on a Circle

-

-

Respective Histograms of Pairwise Distances

o

Respective Histogram of Sums of Adjacent Distances

Figure 3: A point configuration on a circle can be viewed as a complete weighted graph where
the nodes correspond to the points and the edge weights are the Euclidean distances between
the corresponding points. We propose to represent such a graph using two distributions: the
distribution of the weights, and the distribution of the sums of any two adjacent weights. For
most graphs, including the two point configurations pictured above, this is a lossless representation.
More precisely, the set of graphs which are not uniquely reconstructible, up to isomorphism, from
these two distributions for a set of measure zero. In particular, randomly chosen weights yield, with
probability one, graphs that do not lie in the exceptional set. The points of the two configurations
above were chosen (uniformly) at random on a unit circle; the histogram of their pairwise distances
and the histogram of their sums of adjacent distances are clearly different.
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Proof. Let G = {9y,j3} be another weighted graph with n nodes such that D, (G) = Dy(G) and

Do (G) = Do (G). Since Dy(G) = Dy(G), there exists ¢ € S(Z) such that
9o ({ij}) = 9{ij}» for every distinct 4,7 =1,...,n.
We claim that there exists © € S,, such that
o {i,j}) ={n(@),m(5)}, for every distinct i,5 =1,...,n,

that is to say, that ¢ is simply a relabeling of the nodes. This is because, if we assume the contrary,
then, by Lemma Bl there exists distinct indices ig, jo, ko such that

¢ ({io, jo}) N ({Jo, ko}) = 0.

Since D, (G) = Dy (G), there exists iy, 51, k1 such that

9firvgiy T 941k} = Iosjo} T 9o ko)

But

g{imjo} + g{jo,ko} = Yo({io.jo}) T Jeo({jo.ko})
= Gimp} + 9ar}s with m, p, g, r distinct.

Therefore gr;, j,y + 91, k1} = 9{m.p} T 9{q,r} Which contradicts our hypothesis, and thus ¢ must be
a relabeling of the nodes. O

Remark 3.3. A similar result would hold if we defined ;1 as the product oy ;1 = 94i, Y945k} -
In that case, the hypothesis would be that the graph must satisfy

91,3} 915k} 7 9{m,pr9{a,r}s

for every pairwise distinct ¢, 7, k and every pairwise distinct m, p, ¢, 7. In particular, graphs with zero-
valued weights would automatically be excluded. A work-around would be to shift all the weights by
the same non-zero constant A. Alternatively, one could define c; j x as @i jx = (94,53 + A) (9543 + A)-
Actually, the number of possibilities for the definition of c; ;1 is endless, as any function f of the two
arguments g¢; j19(; k) can be used. For any such function f, the corresponding theorem hypothesis
would be written as

F 9ty 96.83) # F (90mpys 9iary) -

for every pairwise distinct 4, j, k and every pairwise distinct m, p, ¢, r. Similar remarks can be made
for every theorem in this section.

Observe that the proof of Theorem is also valid in the case of vector valued weights g; ;1 =
(g%ij}, e ,g’fij}) € R*, for any integer k. However, in that case, both Dy and D, become k-

dimensional distributions. From a practical perspective, it is easier to deal with one-dimensional
distributions. In particular, comparing one-dimensional distributions is much easier than comparing
higher-dimensional distributions. So an interesting question is: ”Can graphs with edge weights
8 € R* be uniquely represented, up to isomorphism, by a set of one-dimensional distributions?”.

We begin by considering the case gy; ;) € R2. (Such graphs will be called (2, 0)-attribute graphs.)
Denote by a}’ ;. the sum of the first weight assigned to two adjacent edges and denote by o? ;1 the
sum of the second weight assigned to same two adjacent edges:

1 1 1

gk = 9{igr T I{jkp
2 2 2
gk = 9{igy T Ik
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for all pairwise distinct 4, j, k. We also define the mixed sum
12 1 2
G = 9tigy T 90k

Denote by D1 (G) and Dy2(G) the distributions of the o ; , and of the o7 ; , respectively, for all
1, J, k pairwise distinct. Similarly, denote by D,12(G) the distribution of the 0‘%3‘, x With 7, j, k pairwise
distinct. We show that most (2,0)-attribute graphs are reconstructible from five distributions.

Theorem 3.4. Let G be a graph with n > 5 nodes and vector valued weights g, ;3 € R2. Suppose
that for every pairwise distinct i,j,k and every pairwise distinct m,p,q,r we have

iy + 9iky # Iy + Iarp
9.5y T 9030y # S} T Iary
94y T 90w # Iy T 9oy
Then G is reconstructible from Dy (G), Dy2(G), Dar(G), Dy2(G) and Dar2 (G).
Proof. Let G be another Graph with n nodes and weights 8} € R? such that D1 (G) = D1 (G),

g
Dg2 (G) = Dg2 (G), Dal (G) = Dal (G), Da2 (G) = Da2 (G) and Dam (G) = Dam (G) Since Dgl (G) =
D, (G), there exists 1 € S(n) such that

9&;1({@]‘}) = g}w}j}’ for all distinct 7,5 =1,...,n.
By the same argument as in the proof of Theorem B2 there exists m; € S, such that
01 ({i,7}) = {m1 (i), m1(4)}, for all distinct i,5 =1,...,n.
Similarly, we can show that there exists w3 € S,, such that

g%ﬂg(i),ﬂ'Q(j)} = g%l,j}’ for all distinct Z,j = 1, o, n.

We claim that m; = m2. This is because, for any distinct 4, j, k € {1,...,n}, we have
—12 —1 —2
Yk = G{igy T IR

1 2
9imi(),mi ()Y T Ima(i)ma ()}

But since Da12(G) = Dgi2(G), then for any 4, j, k € {1,...,n} distinct, there exists 7', j/, k' distinct

—12 _ _ .
such that @;7, = a}?j/k,. Therefore g%m(i)m(j)} + g%m(j),m(k)} = g%i,’j,} + g%j,’k,}. By hypothesis,
this implies that {m1(¢),m1(5)} N {m2(j), m2(k)} # 0, for every 4,7,k € {1,...,n} distinct. Let us
choose three distinct indices 41, 42,43 which are pairwise distinct from j and k. (We can do this
because n > 5.) We have

(1) Am(@), m()} N {m2(h), m2(k)} # 0,
(2)  {mi2), m()} N {m(h), m2(k)} # 0,
(3)  Am(iz), m()} N {m(), m2(k)} # 0.

Assume that m1(j) & {m2(j),m2(k)}. Then this means that, for all I = 1,2,3, we have m1(i;) €
{m2(j), m2(k)}, which contradicts the injectiveness of m1. We thus conclude that 71 (j) € {m2(j), m2(k)},
for every distinct 5,k € {1,...,n}. By varying the k, we obtain that m(j) = m1(j), for every j. O

The above proof can trivially be generalized to the case of graphs with vector valued edge weights
g(ij) € R?, for any integer d. Indeed, for any r i, j, k pairwise distinct, we can define the quantities

aéwk = gf{i’j}+gf{j7k}, foralll=1,...,d,
Li+1 ! l
and o g{i,j}—i—g{ﬁc}, foralll=1,...,d—1.
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Then we denote by D,:(G) the distributions of the !

denote by D,i.i+1(G) the distribution of the al +1 , for all pairwise distinct 4, j, k. Using the exact
same arguments as for the above proof, we can bhOW that these 3d — 1 one-dimensional distributions
fully characterize a large number of vector-valued weighted graphs. More precisely, we obtain the
following theorem.

i.j.k» for all pairwise distinct ¢, j, k. Similarly,

Theorem 3.5. Let G' be a graph with n > 5 nodes and weights gy; j1 € R?. Suppose that for every
pairwise distinct i, j, k and every pairwise distinct m,p,q,r we have

! l ! ! _
Iy TIGK T Gimpy T gy foralll=1,....d,
and gy, ;y + gf{ﬁg} # Gy + gl{g}r}, foralll=1,...,d—1.

Then G is reconstructible from the following 3d — 1 distributions:

Dy (G), forall 1=1,...,d,
Dyu(G), forall 1=1,....d,

Daz,z+1(G), fOT’ all l= 1,...,d—1.

3.2 Graphs with node weights

We now consider the case of a graph with n nodes and node weights w; = gy;;} € R?. First, let
us assume that the graph does not have edge weights. Clearly, the graph is then reconstructible
from the distribution of the node weights, which is a d-dimensional distribution. But since we are
interested in graph representation in terms of one-dimensional distributions, we seek a different
representation for d > 1.

For any pairwise distinct 4, j, k and any [ € {1,.. — 1}, denote by ﬁf 221 the sum

Li+1 1 ! +1 +1
Biljr = wi+wj +wi™ Fw

Let D, (G) be the distribution of the w!, for all i = 1,...,n. Let Dgiu+1(G) be the distribution of
the bi lfkl, for all pairwise distinct i, 7, k.

Theorem 3.6. Let G be a graph with n > 5 nodes and node weights w; € R?. Suppose that, for
every pairwise distinct i, j,k and every pairwise distinct m,p,q,r, we have

ww —|—wl+1 l+17éw wy, —|—wlJrl L foralll=1,...,d—1.
Then G is reconstructible from the following 2d — 1 distributions:

D (G), for 1=1,....d,
Dﬁl,t+1 (G), fO’l“ = 1, . .7d — 1.

Proof. Let G be another Graph with n nodes and node weights W; € R¢. such that

'le(a) = le(G), for [ = 1, . ,d7
and Dﬂz,z+1(é) = ,Dﬁl,H—l (G), for [ = 1, ey d—1.

Since D, (G) = D, (G), there exists m € S, such that

l

W (4) :Eli, foralli=1,...,n.

for/=1,...,d. . Using the same argument as in the proof of Theoreml3d d — 1 times, we can show
that this implies that my = mo = ...7m4. Therefore G must be isomorphic to G. [l
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Finally, we consider the general case of a complete graph G' with both edge weights gy; ; € R%
and node weights w; € R%. For [ = 1,..., min{d;,ds}, let
A = wi+ Wi+ gl

Denote by Dai(G) the distribution of the Aﬁ,j’k’s with 4, j, k pairwise distinct. Using the same

arguments as for the previous theorems, we can show the following.

Theorem 3.7. Let G be a graph with n > 5 nodes. Suppose that G has edge weights g; j; € R%
and node weights w; € R? . Assume that

w! +w§ +w§+1 +witt # Wl +wi, +wf1+1 + Wt for alll=1,...,ds,
! I+1 ! I+1 _
Iy Y9Gk F Iimpy T (g Foralll=1,....ds,
wi w9 F W T W G

for any pairwise distinct i, j,k and any pairwise distinct m,p,q,r. Then G is reconstructible from
the following distributions:

Dy (G), for 1=1,...,d;,
Dy (G), for 1=1,...,d1—1,
Dy (G), for 1=1,...,ds,
Dyi+1(G), for 1=1,...,ds—1,
and Da:(Q).
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