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Abstract

This article gives a survey of results about the Cohen–Macaulay property
and the depth of invariant rings.

Introduction

The main object of study in invariant theory is the invariant ring of a given group
action. Typical questions about such an invariant ring are: Can it be finitely
generated? How can generators be obtained algorithmically? To what extent can
group orbits be separated by invariants? What ring-theoretic properties does the
invariant ring have, and how do they relate to properties of the group action? This
paper deals with the last question and focuses on the Cohen–Macaulay property
and the depth. We will usually (but not always) restrict to the case of a finite group
acting linearly on a finite-dimensional vector space. This paper will present meth-
ods using group cohomology to prove results about the Cohen–Macaulay property
and depth of invariant rings. These methods were for the most part developed
around the last turn of the century.

It is well known that in the nonmodular case (i.e., when the group order is
not divisible by the characteristic p of the ground field), the invariant ring is
always Cohen–Macaulay. So the interesting case is the modular case. Before the
development of the above-mentioned cohomological methods, only sporadic results
and examples in the modular case were known. The best of these is a result by
Ellingsrud and Skjelbred [7], who considered the case of cyclic groups and obtained
an explicit formula for the depth of the invariant ring. Another result by Campbell
et al. [4] tells us that if G is a p-group, then vector invariants of three copies are
never Cohen–Macaulay.

The first section of this paper is devoted to the nonmodular case. We gen-
eralize the above-mentioned result that invariant rings in this case are always



Cohen–Macaulay. The second section introduces the cohomological methods for
the study of the Cohen–Macaulay property and depth. The main results in the
case of finite groups are presented in Section 3. These include a result on vec-
tor invariants and a result saying that the group is generated by certain types
of elements, which both go back to joint work with Nikolai Gordeev. Finally in
the last section some results where the depth is determined precisely are discussed.

We will use the following notation. For a Noetherian ring R we consider the
Cohen–Macaulay defect

def(R) := sup {dim(RP )− depth(RP ) | P ∈ Spec(R)} ∈ N0 ∪ {∞},

which measures the deviation of R from being Cohen–Macaulay. (In fact, for this
definition it suffices to assume that RP is always finite-dimensional.) This number
is particularly interesting in the case that R =

⊕
i≥0 Ri is a graded ring with R0

a field, which occurs for example when R is the invariant ring of a group acting
linearly on a vector space. In this case we can use Noether normalization to obtain
a graded subalgebra A ⊆ R, isomorphic to a polynomial ring, such that R is finitely
generated as an A-module. The Auslander–Buchsbaum formula then tells us that
def(R) is equal to the length of a minimal free resolution of R as an A-module. So
def(R) measures the homological complexity of R. In particular, R is free as an
A-module if and only if it is Cohen–Macaulay.

We will consider the standard situation of invariant theory, so V = Kn will be a
finite-dimensional vector space over a field K, and G ⊆ GL(V ) will be a subgroup
of the general linear group. We will often make the restriction that G is finite or,
more generally, algebraic. If not stated otherwise,

R := K[V ] = K[x1, . . . , xn]

will denote the polynomial ring on V , on which G acts by σ(f) = f ◦ σ−1. (If K
is finite, the action is first defined on the dual V ∗ of V as above and then on K[V ]
by homomorphic extension.) Moreover,

RG := {f ∈ R | σ(f) = f for all σ ∈ G}

will denote the invariant ring. This is the main object of interest in invariant
theory. In this article, our interest focuses on the Cohen–Macaulay defect def(RG).
With this notation, the formula by Ellingsrud and Skjelbred [7] mentioned above
can be stated as follows. If G is a cyclic group with Sylow p-subgroup P (where
p = char(K)), then

def(RG) = max{codim(V P )− 2, 0}. (0.1)

1 The nonmodular case

The nonmodular case in invariant theory of finite groups is the case where the
group order |G| is finite and not divisible by the characteristic of K. This is the



case where the results are nicest. For example, RG is always Cohen–Macaulay in
this case. We will present a proof of this by giving a more general result which, to
the best of the author’s knowledge, has not yet appeared in the literature in this
generality.

Theorem 1.1. Let R be a commutative ring with unity and let G ⊆ Aut(R) be
a group of ring-automorphisms of R. Furthermore, let H ⊆ G be a subgroup
such that the index (G : H) is finite and invertible in R, and assume that RH is
Noetherian. Then

def(RG) ≤ def(RH).

Proof. We may assume def(RH) < ∞. Choose a system σ1, . . . , σn of left coset
representatives of H in G. Since every a ∈ RH satisfies the equation

∏n
i=1(x −

σi(a)) ∈ RG[x], RH is an integral over RG. Let Q, Q′ ∈ Spec(RH) such that

RG ∩Q = RG ∩Q′.

Then for a ∈ Q we have
∏n

i=1 σi(a) ∈ RG ∩ Q ⊆ Q′, so there exists i with
a ∈ σ−1

i (Q′). Using the prime avoidance lemma, we conclude that there exists i
such that Q ⊆ σ−1

i (Q′). Since Q and Q′ lie over the same prime ideal in RG, this
implies

Q′ = σi(Q).

We claim that going down holds for the extension RG ⊆ RH . Let P ∈ Spec(RG)

and let Q′ ∈ Spec(RH) such that P ⊆ Q′. There exist Q, Q̃ ∈ Spec(RH) such that

RG ∩Q = P, RG ∩ Q̃ = RG ∩Q′, and Q ⊆ Q̃.

By the above, there exists i with Q′ = σi(Q̃), so σi(Q) ⊆ Q′ and RG ∩ σi(Q) = P .
So indeed going down holds.

Now let P ∈ Spec(RG). We need to show that

depth
(
RG

P

)
≥ dim(RG

P )− def(RH).

Let a1, . . . , am be a maximal RH-regular sequence in P . Then every element of P
is contained in an associated prime ideal of RH/(a1, . . . , am)RH , so by prime avoid-
ance, P itself is contained in an associated prime ideal Q of RH/(a1, . . . , am)RH . It
is easy to see that as elements of RH

Q , the ai form a maximal RH
Q -regular sequence,

so

m = depth(RH
Q ) ≥ dim(RH

Q )− def(RH) ≥ dim(RG
P )− def(RH), (1.1)

where the last inequality follows from going down (see Kemper [17, Corollary 8.14]).
We claim that a1, . . . , am is RG-regular. So suppose that

b · ak =
k−1∑
j=1

bjaj



with 1 ≤ k ≤ m and b, bj ∈ RG. The RH-regularity yields

b =
k−1∑
j=1

cjaj

with ci ∈ RH , so

b =
1

n

n∑
i=1

σi(b) =
k−1∑
j=1

(
1

n

n∑
i=1

σi(cj)

)
aj ∈ (a1, . . . , am)RG.

This proves the claim, so

m ≤ grade(P, RG) ≤ depth(RG
P ),

where the second inequality follows from Bruns and Herzog [2, Proposition
1.2.10(a)]. Together with (1.1), this completes the proof.

Returning to our standard situation where R = K[V ] and G acts linearly on
V , we state the following consequence of Theorem 1.1.

Corollary 1.2 (Hochster and Eagon [12]). Assume that G is finite such that |G|
is not divisible by char(K). Then RG is Cohen–Macaulay.

A further consequence of Theorem 1.1 is the result by Campbell et al. [3] that
if RP is Cohen–Macaulay with P ⊆ G a Sylow p-subgroup, p = char(K), then RG

is also Cohen–Macaulay.
Recall that a linear algebraic group G over an algebraically closed field K is

called linearly reductive if every G-module V (i.e., every finite-dimensional K-
vector space V with a linear action given by a morphism G×V → V ) is completely
reducible. So a finite group G is linearly reductive if and only if |G| is not divisible
by char(K). The following celebrated result is a generalization of Corollary 1.2.

Theorem 1.3 (Hochster and Roberts [13]). Let G be a linearly reductive alge-
braic group over an algebraically closed field K and let V be a G-module. Then
K[V ]G is Cohen–Macaulay.

2 A cohomological obstruction

We will now consider the more difficult nonmodular case of invariant theory and
start by considering an example.

Example 2.1. Let K be a field of positive characteristic p. The cyclic group G =
〈σ〉 ∼= Cp of order p acts on the polynomial ring R := K[x1, x2, x3, y1, y2, y3] by

σ(xi) = xi and σ(yi) = yi + xi.



We find invariants

xi (i = 1, 2, 3) and ui,j := xiyj − xjyi (1 ≤ i < j ≤ 3)

and the relation

x1u2,3 − x2u1,3 + x3u1,2 = det

x1 x2 x3

x1 x2 x3

y1 y2 y3

 = 0.

Since u1,2 does not lie in the ideal (x1, x2)R
G, this shows that x1, x2, x3 do not

form a RG-regular sequence. On the other hand, the xi can be completed to a
homogeneous system of parameters (by the invariants yp

i − xp−1
i yi, for example),

so it follows that RG is not Cohen–Macaulay. This is probably the most accessible
example of a non-Cohen–Macaulay invariant ring. Of course we know from (0.1)
that def(RG) = 1. /

In the above example, the invariants xi form an R-regular sequence, but fail to
be RG-regular. From a general investigation of this phenomenon, the cohomological
criterion given in the following lemma emerged. We consider group cohomology
H∗(G, R) with values in R and write

m := inf
{
i > 0 | H i(G, R) 6= 0

}
∈ N ∪ {∞}, (2.1)

which we call the cohomological connectivity (see Fleischmann et al. [10]).
This number is not always easily accessible, but in many cases it is.

Lemma 2.2 (Kemper [14]). Let a1, . . . , ar ∈ RG be an R-regular sequence. If
r < m+2 (with m defined in (2.1)), then a1, . . . , ar is also RG-regular. If r = m+2,
then a1, . . . , ar is RG-regular if and only if the map

Hm(G, R) → Hm(G, Rr)

induced by the multiplication by a1, . . . , ar is injective.

The last statement may be rephrased as follows: a1, . . . , ar fail to be RG-regular
if and only if there exists a nonzero α ∈ Hm(G, R) such that aiα = 0 for all i.

The case m = 1 of the lemma can be proved by elementary calculations. The
general case can be proved by using the long exact sequence of cohomology and a
Koszul complex.

Example 2.3. We reconsider Example 2.1 in the light of the above criterion. A
nonzero cohomology class in α ∈ H1(G, R) is given by the cocycle G → R, σj 7→
j ∈ K. So the cohomological connectivity is m = 1. For i = 1, 2, 3, the class
xiα ∈ H1(G, R) is given by

G → R, σj 7→ jxi = σj(yi)− yi,

which is a coboundary. So xiα = 0, and Lemma 2.2 tells us that x1, x2, x3 are not
RG-regular. /



Lemma 2.2 is crucial for proving the general result presented in the following
theorem. Before we state it, we recall that a linear algebraic group G over an
algebraically closed field K is called reductive if it has no infinite normal, unipo-
tent subgroup. Examples of reductive groups include all classical groups (such as
GLn(K), SLn(K) and the symplectic and orthogonal groups) and all finite groups.
Every linearly reductive group is reductive, and in characteristic 0 the converse
holds. But in positive characteristic there is a wide gap between reductive groups
and linearly reductive groups. The following result may be regarded as a converse
to Theorem 1.3.

Theorem 2.4 (Kemper [15]). Let G be a reductive algebraic group. If G is not lin-
early reductive, there exists a G-module V such that K[V ]G is not Cohen-Macaulay.

Proof (sketch). It is not hard to see that a linear algebraic group G is linearly re-
ductive if and only if H1(G, U) = 0 for every G-module U . So under our hypotheses
there exists a G-module U with H1(G, U) 6= 0. Choose a nonzero α ∈ H1(G, U).
Such a class α defines an exact sequence

0 → U → W → K → 0

of G-modules. (This can be seen by elementary considerations or, more abstractly,
by interpreting H1(G, U) = Ext1

KG(K, U) as Yoneda Ext.) Dualizing the above
sequence yields

0 → K → W ∗ → U∗ → 0.

If w ∈ (W ∗)G is the image of 1 ∈ K, it turns out that w ⊗ α is 0 as an element of
H1(G, W ∗ ⊗ U). Forming V := W ⊕W ⊕W ⊕ U∗, we find three copies a1, a2, a3

of w in R := K[V ]. As an element of H1(G, R), α remains nonzero, but aiα = 0.
So by Lemma 2.2, the ai do not form an RG-regular sequence. On the other hand,
the ai can clearly be extended to a homogeneous parameter system of R. Since
G is reductive, it can be shown that they can also be extended to a homogeneous
parameter system of RG. Therefore RG is not Cohen–Macaulay.

The reductivity hypothesis in Theorem 2.4 cannot be omitted. For example, ev-
ery invariant ring of the additive group over K = C is Cohen–Macaulay. It may be
worthwhile to mention in this context that, to the best of the author’s knowledge,
no example of a non-Cohen–Macaulay invariant ring K[V ]G with char(K) = 0 is
known to date. An explicit version of Theorem 2.4 can be found in Kohls [18]
(see [19] for results on the Cohen-Macaulay defect).

3 Traces and wild ramification

In Theorem 2.4 (and its proof) we have produced a tailor-made representation V
for a given group G such that Lemma 2.2 could be used to prove that K[V ]G is not
Cohen–Macaulay. The goal of this section is to use Lemma 2.2 to deduce results
on a given representation V of a group G.



We will restrict to the case that G is finite and its order is divisible by p :=
char(K). The question is which elements of RG annihilate cohomology classes from
H i(G, R) with i > 0. One answer is the following: For a polynomial f ∈ R, define
the trace as

Tr(f) :=
∑
σ∈G

σ(f) ∈ RG.

Then for α ∈ H i(G, R) with i > 0 and f ∈ R we have

Tr(f) · α = cores
(
f · resG,{id}(α)

)
= 0, (3.1)

where cores denotes the corestriction (see Evens [8, Proposition 4.2.4]).
Clearly the image I := Tr(R) ⊆ RG of the trace map is an ideal. It is quite

easy to determine its height. Since going down holds for RG ⊆ R, the height of I
equals the height of the ideal IR in R. So we consider the variety in V determined
by I. It is easy to see that for x ∈ V the equivalence

Tr(f)(x) = 0 for all f ∈ R ⇐⇒ p | |Gx|

holds, where
Gx := {σ ∈ G | σ(x) = x}

denotes the point-stabilizer. So the variety determined by I is the union of all V σ

with σ ∈ G of order p. We obtain

ht (Tr(R)) = min {codim(V σ) | σ ∈ G, ord(σ) = p} =: c. (3.2)

So the height of the trace ideal is completely accessible. We can now prove the
following result.

Theorem 3.1. Let G be finite. Then

def
(
RG

)
≥ c−m− 1

with c and m defined by (3.2) and (2.1).

Proof. We may assume m < ∞. Let P be an associated prime ideal of Hm(G, R)
as an RG-module. We claim that

grade
(
P, RG

)
≤ m + 1. (3.3)

Indeed, if there existed a regular sequence a1, . . . , am+2 ∈ P , then the ideal in R
generated by the ai would have height m+2 (since going down holds for RG ⊆ R),
so the ai would form an R-regular sequence by the Cohen–Macaulay property of
R. Applying Lemma 2.2 then shows that a1, . . . , am+2 is not RG-regular after all.
By Bruns and Herzog [2, Proposition 1.2.10(a)], there exists Q ∈ Spec(RG) with
P ⊆ Q such that

depth(RG
Q) = grade

(
P, RG

)
. (3.4)

By (3.1), the trace ideal Tr(R) is contained in P and therefore also in Q, so
ht(Q) ≥ c by (3.2). We obtain

def(RG) ≥ ht(Q)− depth(RG
Q) ≥ c−m− 1,

where (3.3) and (3.4) were used for the last inequality.



Now we can give a lower bound for the less accessible quantity m, the cohomo-
logical connectivity. In fact, if |G| = pam with (p, m) = 1 and a > 0, then it can
be shown that there exists a positive integer r ≤ 2pa−1(p− 1) such that Hr(G, Fp)
is nonzero. The argument uses the Evens norm in cohomology and can be found
in the proof of Theorem 4.1.3 in Benson [1]. It follows that

m ≤ 2pa−1(p− 1) < 2|G|. (3.5)

We obtain the following result on vector invariants, i.e., invariants of several copies
of the same representation V .

Corollary 3.2 (Gordeev and Kemper [11]). Assume that G is finite of order di-
visible by p. Then

lim
k→∞

def
(

K[V ⊕ · · · ⊕ V︸ ︷︷ ︸
k copies

]G
)

= ∞.

This follows from Theorem 3.1 and (3.5) since the number c from (3.2) tends
(linearly) to infinity when V is replaced be the direct sum of k copies of V . Corol-
lary 3.2 tells us that the vector invariants in the modular case are getting worse
and worse, in terms of homological complexity, as the number of copies increases.

We also obtain results that link the Cohen–Macaulay defect to the question
by what type of elements G can be generated. An element σ ∈ GL(V ) is called
a k-reflection if codim (V σ) ≤ k. So the 1-reflections are the identity and the
pseudo reflections in the classical sense. In this context, a well-known result,
attributed to Shephard, Todd, Chevalley, and Serre, says that if RG is isomorphic
to a polynomial ring, then G is generated by 1-reflections. (In the nonmodular
case, the converse holds.) Concerning the Cohen–Macaulay defect, we can use our
methods to deduce the following result.

Theorem 3.3 (Gordeev and Kemper [11]). Set k := def
(
RG

)
+ 2. Then G is

generated by k-reflections and p′-elements (i.e., elements of order not divisible
by p).

Proof (sketch). Let N ⊆ G be the (normal) subgroup generated by the k-reflections
and p′-elements in G, and assume, by way of contradiction, that N $ G. Then
H1(G/N,K) 6= 0, so the image of the inflation map H1(G/N,R) → H1(G, R) is a
nonzero submodule M ⊆ H1(G, R). As in the proof of Theorem 3.1, we choose an
associated prime ideal P of M and find Q ∈ Spec(RG) with P ⊆ Q such that

depth(RG
Q) = grade(P, RG) ≤ 2.

On the other hand, it follows as (3.1) that every relative trace

TrN,G(f) :=
∑

σ∈G/N

σ(f)



with f ∈ RN annihilates every element from M . So

TrN,G(RN) ⊆ P ⊆ Q.

As after (3.1), one can determine the variety in V defined by TrN,G(RN) and finds
that this is the union of all V σ with σ ∈ G such that σN ∈ G/N has order p (see
Fleischmann [9] or Campbell et al. [5, Theorem 7]). So

ht(Q) ≥ ht(P ) ≥ ht
(
TrN,G(RN)

)
= min {codim(V σ) | σ ∈ G, ord(σN) = p} > k,

since G \N contains no k-reflections by the definition of N . Therefore

ht(Q)− depth(RG
Q) > k − 2 = def(RG),

a contradiction.

A special case of Theorem 3.3 says that if G is a p-group and RG is Cohen–
Macaulay, then G is generated by 2-reflections (see Kemper [14]). This generalizes
the result by Campbell et al. [4] mentioned in the Introduction. Unfortunately,
the converse of Theorem 3.3 does not hold. In fact, there are examples of groups
generated by 1-reflections such that the Cohen–Macaulay defect of RG is arbitrarily
large.

4 Determining the Cohen–Macaulay defect

So far we have only achieved to establish lower bounds for the Cohen–Macaulay
defect. But can anything be said about the exact value? For a given group
G ⊆ GL(V ), the invariant ring RG can be computed algorithmically (given enough
time and memory space), and from this def(RG) can be determined (see Derksen
and Kemper [6, Chapter 3]. Apart from this, theoretical results on the precise
value of the Cohen-Macaulay defect are rather sporadic. One is the formula (0.1)
by Ellingsrud and Skjelbred [7]. Fleischmann et al. [10] proved the upper bound

def
(
RG

)
≤ max

{
codim(V P )−m− 1, 0

}
, (4.1)

where P ⊆ G is a Sylow p-subgroup (p = char(K)) and m is the cohomological
connectivity. In all instances of theoretical results where the Cohen–Macaulay
defect of RG was determined, this bound turns out to be an equality. In fact,

def
(
RG

)
= max

{
codim(V P )−m− 1, 0

}
holds if

• |G| is divisible by p but not by p2 (see Kemper [16, Theorem 3.1]; the deter-
mination of m is hard in general),

• |G| is divisible by p but not by p2 and acts by permutations of a basis of V
(see [16, Theorem 3.3], which gives a formula for m is this case),



• P is cyclic and G is p-nilpotent, i.e., there exists a normal subgroup N ⊆ G
with G/N ∼= P (see Fleischmann et al. [10]; in this case m = 1),

• G = SL2(Fp) and V is a symmetric power of the natural representation (see
Shank and Wehlau [20]; here m = 1),

• more generally, (G, V ) is one of the cases dealt with in [16, Section 4] (then
m = 1).

Notice that the result of Ellingsrud and Skjelbred is included in the one on
p-nilpotent groups with a cyclic Sylow p-subgroup.
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