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Exercises (to be turned in: Wednesday, 15.10.2014, during the lecture)

In all exercises K denotes an algebraically closed field.
E 1 (Affine varieties)

a ow that X| = ,a)|a € U , C 1S an affine variety.
(a) Show that X 0 K 1,0} Cc K?i ffi iety.

(b) Show that the closed subsets of the affine variety X, = V(x —y?) C K are exactly X; itself
and the finite subsets of X5.

(c) For X3 =V (xy—1) C K? let f : K — X3 be any morphism of affine varieties. Show that the
image of f consists of a single point.

(d) Describe all irreducible components of X; and X5.

E 2 (Normalizers and Centralizers in GL;)

(a) Show that for any element i € GL; the map c;, : GLy — GLy, ¢,(g) = g-h-g~" is a morphism
of affine varieties.

(b) Let h € GL, be some element. Show that the centralizer
Cor,(h) ={g €GLa | g-h-g ' =h}
is a closed subgroup (and thus algebraic).
(c) Let H C GL, be any closed subgroup. Show that its normalizer
No,(H)={gc€GLy|g-h-g7' e HVhc H}
is a closed subgroup.

Remark: Note that the definition of the normalizer given in the lecture uses a slightly stronger con-
dition, which is nevertheless equivalent to the one above. Moreover all results will be generalized
to arbitrary algebraic groups (instead of GL,) later on.

E 3 (Different group structures on the same variety) Consider the two subgroups of GL; defined by

G = a b acK* bekK and G, = Lb
0 a 0 a

Show that G; and G, are not isomorphic as algebraic groups. Prove that they are nevertheless
isomorphic as affine varieties, once the group structure is forgotten.

aEKX,bEK}

E 4 (Finite groups are algebraic) Show that every finite group G can be seen as an algebraic group,
i.e. that there is an injection (of sets) G — K" (for some n) such that the image is an affine variety
and both the multiplication map and the inverse are morphisms of affine varieties.

Solutions to the exercises will be available from October 16, 2014 on, at
https://www-mll.ma.tum.de/lehre/wintersemester-201415/wsl415-1inear-algebraic-groups/



