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Exercise 1. Let (X,OX) be a scheme and U ⊆ X an open subset. Prove that (U,OX |U ) is a scheme.

Exercise 2. Let k, k′ be two fields of different characteristic. Let X 6= ∅ be a k-scheme and X ′ be a
k′-scheme. Show that there is no morphism of schemes between X and X ′.

Exercise 3. A scheme X is reduced, if for every open U ⊆ X, the ring OX(U) is reduced (i.e. has no
nilpotent elements).

1. Show that X is reduced if and only if for every x ∈ X, the local ring OX,x is reduced.

2. Let (OX)red be the sheaf on X associated with the presheaf U 7→ OX(U)red, the reduced quotient
of the ring OX(U). Show that Xred := (X, (OX)red) is a scheme. It is called the underlying
reduced scheme of X.

3. Show that there is a morphism of schemes i : Xred → X which is a homeomorphism on topological
spaces.

4. Let f : Y → X be a morphism of schemes and let Y be reduced. Show that then there is a
morphism of schemes g : Y → Xred with f = i ◦ g.

Exercise 4. Let (X,OX) be a scheme such that every x ∈ X has an open neighborhood which meets
only finitely many irreducible components of X. Show that the following are equivalent.

1. Every connected component of X is irreducible.

2. X is the disjoint union of its irreducible components.

3. For all x ∈ X the nilradical of OX,x is a prime ideal.
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