AVERAGING FUNCTORS IN FARGUES’ PROGRAM FOR GL,

JOHANNES ANSCHUTZ

ABSTRACT. These notes accompany my talk at the ZAGA on 29.6.2020. Ev-
erything is joint work with Arthur-César Le Bras, and very much in progress.

1. FARGUES’ CONJECTURE FOR GL,
Let p be prime, n > 1. Set
Perf := category of perfectoid spaces over F,.
Set

Bun,,

as the small v-stack sending S € Perf to the groupoid of vector bundles of rank n
on the Fargues-Fontaine curve Xpp g relative to S (and the local field Q,). Set

Qp
as the completion of the maximal unramified extension of @Q,.

Then:
e There is a map GLn(Qp) — Bun,(F,), b+ &, inducing a bijection

B(GL,) = GLn(@p)/J — conjugacy 2 |Bumn,|.

e For b € B(GL,,) write
b

Bun,,

for the (locally closed) substack of vector bundles, which are v-locally iso-
morphic to &. Have locally closed inclusion
bt Bunz — Bun,,
inducing a stratification
Bun, = H Bun®.
be B(GL,,)

e For b € GLn(@p) let G be the o-stabilizer of b (an algebraic group over
Qp)-

o &, is semistable if and only if b basic. The (open) semistable locus in Bun,,
has the description

H[*/Gb(@p)] e H Bun’ = Bun®* EN Bun,
dezZ  beB(GLy) basic

with deg(&,) = d, Gy is an inner form of GL,, and
Gb((@p) = Aut(é’b)
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the sheaf on Perf associated to the topological group Gy(Q)).

For each £ € Bun,,(F,), m > 0, have small v-sheaf
BC(&): Perf — (Q, —v.s.), S+ H*(Xpp.s,Es).
Set
Div’ i= (BC(O(d)) \ {01)/Q
where O(d) the line bundle associated to b= p~?¢ € GL;(Q,). Then:
e Div? parametrizes “relative Cartier effective divisors of Xpp of degree d”.
e We have (as v-sheaves)
Div? = (Div')/Sy
e Concretely,
Div! = Spd(Q,)/¢"
and thus for £ # p
{finite dimensional continuous Q, — representations of Wg,} = {Q, — local systems on Div'}
FE — E.
Fargues, Scholze: For a small v-stack Y can define a certain full subcategory
Dlis(Yv @é) g D(Yva @Z)
and for a morphism f: Y’ — Y of small v-stacks (relevant to us) a pair of adjoint
functors (fy, f*)
f*: Dus(Y, Q) — Duis(Y', Qp),
fo: Dis(Y', Q) = Duis(Y, Qp)
with the following key properties:
e Excision holds on Bun,, i.e., Djs(Bun,,Q,) admits a(n infinite) semi-
orthogonal decomposition by the categories Dys(Bun®, @,),b € B(GL,,).
e For b € B(GL,,) there are equivalences
D(RepZ Go(Qp)) = Dus([+/Gb(@y)], Q) = Diis(Buny, Q)

T — Fr

with Rep%jZ G1(Q,) the category of smooth Q,-representations of G(Qp).
e f* is the usual pullback for f,: Y, — Y.
e If f is {-cohomologically smooth, then f; = fi (up to shift/twist).
o If f: [%/Gy(Qp)] — *, then f; identifies with group homology of smooth

Q,-representations of G,(Q,).

Conjecture 1.1 (Fargues, only for GL,, and irreducible case). For each irreducible
Wq, -representation E there exists an object Autg € Dy;s(Bun,, Q,) such that

(1) Autg is a Hecke eigensheaf with eigenvalue E.
(2) Autg is cuspidal, in particular Autg = ji(j*Autg) = j.(j*Autg)
(3) Forbe B(GL,) basic

jiAutp € Dyy(Bun,, Q) = D(Repg Gb(Qp))
is the (Jacquet-)Langlands correspondent LLy(E) of E.
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Note: As the (Jacquet-)Langlands correspondence for GL,, is known, (2), (3)
force

(%) Autp = @ Jo(FLLy(B))-
be B(GL,,) basic

This gives a possible definition of Autg, but the Hecke eigensheaf property (1)
is far from clear (and probably impossible to check in its full meaning).

For X a smooth, projective, geometrically connected curve over some field, the
existence of a Hecke eigensheaf associated an irreducible local system on X is known
by Frenkel/Gaitsgory/Vilonen.

Aim of this talk: Assume the local Langlands correspondence for GL,. Can
one construct Autg by geometric methods? E.g., imitate the constructions of
Frenkel/Gaitsgory/Vilonen?

Set G := GLm@[. By work of progress of Fargues/Scholze on the geometric
Satake the category

Rep(G)

of finite dimensional (algebraic) representations of G acts on Diis(Bun,,, Q). More
precisely, for any finite set I there exists a functor

T': Rep(G)*" x Dyis(Bun,, Qg) = Dys(Bun,, x (Div')",Qy), (V,F) = T{:(F),
which satisfies (among others) the following condition:
Let ¢: I — J be a surjection. Define
A,: Bun, x (Div')" = Bun,, x (Div')’
as the inclusion of the diagonal, and
ten,,: Rep(G)*" — Rep(G)*/, (Vi)ier = ( Q) Vi)jeu-
i€p~1(4)
Then
Al o 7! =77 o (ten, x Idp. Bun,3,):
Moreover, if I = I [[ I3 is a disjoint union, then (with small abuse of notation)

I _ I I
Tviyier = Tier, © TV)iery-

In particular, if ¢: {1,2} — {1}, then
(TV1 © TV2)|Bun,L><A = TV1®V27

where A C Div' x Div! is the diagonal. B
For an {-adic representation E of W, and a(n algebraic) representation G(Q,) —
GL(V), set Ey as the composition

Wg, — GL(E) = G(Q) — GL(V).

Now, F € Djis(Bun,,,Q,) is a Hecke eigensheaf with eigenvalue E if for any finite
set I and any collection (V;);er we are given an isomorphism

Nvier: Tivyie, (F) = FR (Rie1 Ey,),

which is natural in I, (V;);es. E.g., if I = {1} and Vj; the standard representation,
then

nv,.: Ty, (F) = FXRE.



4 JOHANNES ANSCHUTZ

For the definition of Autg in one might be able to construct ny,,, but surely
not the whole family of natural isomorphisms ny;),., -

Following Beilinson/Drinfeld/Gaitsgory/Arinkin/Hellmann one can hope for a
categorical version of Fargues’ conjecture. Let

Xé
be the Artin stack of n-dimensional /-adic representations of Wg,, i.e., of homomor-
phisms Wy, — G(Qy), taken up to conjugacy (cf. Scholze’s talk in Moskau/Princeton).
Conjecture 1.2 (Fargues—Scholze). There exists an equivalence
Le: D*(Coh(X4)) =5 Dys(Bun,, Q,)*.

Here Dyjs(Bun,,, Q,)* denotes the category of compact objects in Dys(Bun,,, Q).
The equivalence L is expected to satisfy the following conditions:

(1) Lg is equivariant for the action of Rep(G) on both sides.

e Note: When considering Wq, we implicitly chose a (completed) alge-

braic closure C of Q,, i.e., a point of Div!. Using the crucial invariance
Dlis(Bunna@é) = Dlis(Bunn X Spd(cb)7@e)y

we obtain an action T': Rep(@) x Dys(Bun,, Q,) — Dyis(Bun,, Q).

e For the LHS note that we have a morphism

fi X — [Spec(@y)/G]

and an induced monoidal functor f*: Rep(G) — Perf(X4). Thus,

V € Rep(G) acts on the LHS simply by tensoring with the vector
bundle f*(V).
(2) For E an irreducible f-adic representation of Wo,

]L(;(k‘(E)) = AutE
with k(E) the regular representation of the center G,, = Z C G at the
closed substack [Spec(Qy)/Z] C X4 determined by E. The decomposition
K(E) = EDk(E)a.
dez

where k(E)q corresponds to the 1-dimensional representation z + x¢ of
Z = Gy, reflects the decomposition

Autp = EB Jo(FLLy(B))
be B(GLy,) basic

via d = deg(&). More precisely,
La(k(E)a) = jo ) (FLL,(E))-
(3) Lo(Ox,) = Wy, where W, is the Whittaker sheaf
. GL,
Wy = 317!(CIndN(QI()?”)w)

for some generic character ¥: N(Q,) — @Z with N C GL,, the standard
unipotent subgroup of strictly upper triangular matrices.
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In particular, an action,
Perf(X) x Dys(Buny,, Q) — Dyis(Bun,,Q,), (W, F) — W * F,
called “the spectral action”, of the category
Perf(X¢)
of perfect complexes on X5 on Dyis(Bun,,, Q) is eXpec:ced to exist. Of course, the
action of Perf(X4) should extend the action of Rep(G), Lg should be linear for

the actions of Perf (X&) on both sides. From
La(Ox,.) =Wy
one then derives the expectation
La(V) =V W,
for V € Perf(Xs).

Theorem 1.3 (Fargues—Scholze, in preparation, works for general G). The spectral
action of Perf(X4) on Dys(Buny,, Q) ewists.

Let E be an irreducibe (-adic representation of Wq, of rank n. Then k(E) €
IndPerf(X ), and we can define

Autg = Ek(E) * Wy
as a candidate for Fargues’ sheaf associated to E. Then it is formal that Autg is a

Hecke eigensheaf. In fact, this holds for k(E) * F for any F € Dys(Bun,,Q,). Let
V € Rep(G). Then

Tv (k(E) « F) fr(V) * k(E) x F
(v )®0X (E))

) *
Ey ®Q (E) *F

1R IR IR

(compatible with W, -action), and similarly for every finite set I, V; € Rep(G),i e
I
What can be said about Autg, e.g., is Autg # 07 The problem is that we have

a priori no concrete describtion for the spectral action of k(E) = @ k(E)q.
deZ
The key property for the existence of the spectral action is the following. The

(full) Hecke action
T': Rep(G)*! x Dyis(Bun,,, Q) — Dyis(Bun, x (Div')?, Qy)
induces by pullback along
Spa(C”)! — (Div!)!
a Wo, -equivariant action of Rep(G) on Dys(Bun,,, @), i.e., for any finite set I we
have a functor
Theami Rep(é)XI X Dlis(Bunna@é) - Dlis(Bunru@e)Wép

satisfying several compatibilities.

The existence of the spectral action implies in particular, that there exists a lot
of endofunctors on Dyis(Bun,,, Q).

Where do this come from?
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Let I be a finite set, V; € Rep(G),i € I, and Ey,..., FE, {-adic representations
of Wq, (of arbitrary rank). To this data we can construct the endofunctor

T(‘/i)ieh(Ei)iEI: DliS(Bunnv@f) - DliS(Bunn7@8)7 F = Rrh(Wépv IgiGI(T\i?Uiv(f)®Ei))7
corresponding to the object
RUy(WE ,Rier(f*V; ® E)) € Perf(X¢5)

(note that the f*V; carry a canonmical Wg, -action). Here RFh(Wép, —) denotes
(continuous) group homology of Wép, which by duality agrees with (continuous)
group cohomology up to a shift/twist. Instead of

k(E) * <_) : Dlis(Bunn7 @Z) — Dlis(Bunna @Z)
for E an irreducible £-adic representation of Wy, of rank n, we can try to understand

a closely related, but simpler functor, namely, the “first averaging functor”

AVlEvm =Ty, Ev: Dlis(Bunnv@Z) — Dlis(Bunnv@Z)

sty

given by the above construction for I = {1},V; = Vg, E; = EV. Concretely,

Avhy o (F) = By(h*(F) @ a*EY)

for the diagram

Mod! := {€ < &’ fiberwise injective, deg(£’) = deg(€) + 1} —>— Div'!

/ X\

Bun,, Bun,,.

By construction, AVlE\/, agrees with the spectral action of the object

RIy(W,, £V ® EY) = k(E(1)1[1] @ k(E); € Perf(Xs)

(which is a skyscraper sheaf at two distinct points of X).
Note that we can define Av. ,, for any f-adic representation of Wa,. It is easy
to see that

n

AAVIEV7 =0

n

if E is irreducible of rank > n.

Remark 1.4. The averaging functors alluded to in the title are

d o 1 1 Sa
Aviy = (Avpy , 0. 0 Avpy )

for d > 1, which correspond to the spectral action of the objects

(RTy(Wg,, [V ® EY) ®I(Loxé @%Xé RTy\(Wo,, f*Vi ® EY))* € Perf(X,,)

for d > 1. We will actually not use the AV%\/7 for d > 2.

n

One important property of AVlEv_’n is its behaviour with respect to constant
terms. For each standard parabolic P C GL,, with Levi M = GL,, x GL,,, there
exists the constant term functor

CTp: Dys(Bun,,Q,) — Dys(Bun,, x Bun,,,Q,), F tyos”
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coming from the diagram

Bunp

/ \
Bun, Bunys = Bun,, X Bun,,.

Lemma 1.5. For each F € Dy(Bun,,Q,) (and arbitrary E) there exists a filtra-
tion on CT poAvy, ,,(F) with graded pieces (up to shift/twist) (IdxAvp ,, )(CTp(F))
and (AVIE,TH x Id)(CTp(F)).

This implies (by our assumption that E is irreducible), that if P is a proper
parabolic, then
AVlE,n oCTp =0.
We call an object
F € Dys(Bun,, Q)
cuspidal if CT p(F) = 0 for all proper parabolics P C GL,,. It is not difficult to see
that each cuspidal object F is automatically supported on the semistable locus, and
associated to complexes of supercuspidal representations of G,(Q,), b € B(GL,,)
basic, there. With more work, one should be able to prove that it is clean, i.e.,
NF = g gt F.
An argument of Frenkel/Gaitsgory/Vilonen yields that a Hecke eigensheaf for F
is automatically cuspidal. This crucially uses that F is irreducible.

Lemma 1.6. Let F € Dy;(Bun,,Q,) be a Hecke eigensheaf. Then F is cuspidal.
Proof. Let P C GL,, be a proper parabolic. By the eigensheaf property of F
Aviy ,(F) = RUy(Wy,, E ®g, EY) @g, F.
Now, we can use
R, (W, , E &g, EY) #0
and the above observation.

=0. 0.

n

CTpo AVlE'\/’

In particular,
Autg = k(E) «* Wy
is cuspidal. Using that the local Langlands correspondence is realized in the
homology(=b-pushforward) of the infinite level Lubin-Tate space, it seems to be
in reach to prove that the object

Auty = k(E) =W,

satisfies all the conditions of Fargues’ conjectural sheaf associated with E, i.e., its
stalks at semistable points recover the local Langlands correspondence. Namely, we
know the Hecke eigensheaf property and thus by also cuspidality. In particular,

Aut E

is supported on the semistable locus with fibers given by complexes of super-
cuspidals there. Consider b,¢c € B(GL,) basic with deg(€.) = deg(&) + 1, and
T e Rep%iGb(Qp). Then

AV n(js1(Fr)) = RT3 (Wa,, BV ®g, RT4(Gy(Qp), RT3 (My.c, Qp) ®g, 7)),
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in
Dlis(Bunfm@é) = D(Rep%iGc(Qp))a
where
Mb,c = {5;, — 50}

is the (generalized) infinite level Lubin-Tate space associated with b, ¢ (e.g., if & =
0", E. =2 O(1/n) this is the usual infinite level Lubin-Tate space). In the above
formula, we may replace B

RT'y(M,c, Q)
by the supercuspidal part

Rrh (Mb,67 QZ)SC'

Let us calculate

AleV,n(W’l/J)'
Assume &) = O™, and thus &, = O(1/n). Using

RFh (Gb(Qp)7 RFh (Mb,cv@é)sc ®@z W’t/)) = RFh (N(Qp)a Rrh(Mb,ca@Z)sc)a
the knowledge of RI';(My, ., Qp)sc, and the uniqueness of (co-)Whittaker models,
and concludes that
AV nWy) 2 jerFLL. () ® Jea FLr.zay[l]-
Considering cohomological degrees and AVIE‘\/(_l) one concludes, as desired,
E(E)1 * Wy = jerFiL.(B)-

The irreducibility at all other stalks of Autg follows now from the next lemma.
Lemma 1.7. Let F € Dy (Bun,,Q,) be a Hecke eigensheaf with eigenvalue E.

If for some b € B(GL,,) basic, the stalk Fy := jiF corresponds to an irreducible
representation, then this holds for all ¢ € B(GL,,) basic.

Recall that we assumed that E is irreducible.

Proof. Take b,c € B(GL,,) basic with deg(&.) = deg(&) +1. We already know that
F is supported on the semistable lpcus and that F. is a direct sum Let V := V4
be the standard representation of G. Then

Tyv(Fe) =2V &g, Fo

as Wy, -equivariant sheaves. The RHS is irreducible (as a Wy, -equivariant sheaf).
Thus, Ty v kills all irreducible summands of F., except one. But

Fe=Tg,(Fe) = Tv(Tvv (Fe))

is a split injection, and thus F. corresponds to an irreducible representation, placed
in some degree. O

Using a geometric version of the Zelevinsky involution one should be to check
that F. is indeed concentrated in degree 0.

Using arguments of Faltings/Kaletha/Weinstein one should be able to check that
the stalks of Autg at ¢ € B(GL,,) basic with deg(&.) # 1, are given by je(Frr.(&)-

Conjecturally, the category of Hecke eigensheaves in Dys(Bun,, Q,) with eigen-
value E is equivalent to D(Q,). Thus, conjecturally, Fargues’ sheaf is unique up to
tensoring with a 1-dimensional Q,-vector space.
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Let us explain how the above construction of Autg relates to the classical con-
struction of Frenkel/Gaitsgory/Vilonen, which rest on the Laumon sheaf £g on the
stack of torsion sheaves Cohy on the projective, smooth, geometrically connected
curve X. Set

Bun), := {Q% ' < & injective with flat cokernel}.

Using the diagram

Mod;* = {Q%! e € 5 &', deg(€') = deg(€) + d} —== Cohf

% \

Bun/, Bun/,.
one constructs endofunctors
— — —
AV - D(Bun),, Q) — D(Bun;,, Qp), F = hi(h*(F) @ a*(Lpv)).

Starting with a generic character of the standard unipotent one constructs a certain
sheaf Ky, € D(Bun,,, Q,). Then they consider

Autly = @ Av/]j;dv)n(le)
d>1

and prove that Auty descents, roughly, to a Hecke eigensheaf on Bun,. Let
r: Bun/, — Bun,, be the natural morphism. If the above constructions (existence of
Cohg, Lg,...) work analogously for the Fargues-Fontaine curve (with Q% replaced
by O), then one would have

ri(Auty) = P Avip , (Wy)-
d>1
By non-obvious additional arguments one should then be able to conclude
r(Autg) = 7' (k(E) * Wy) = Autly.
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