
Categorytheory
What is CT about?

It is about describing certain fundamental

patterns which occur in many

areas of mathematics :

Eg :I Universal properties :

Eg :P#Éo vector spaces :
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This describes IV , ✗V2 ,
I, ,Izl uniquely

up to ison :

Let Cari : u -vi.Ii :u-41 be

another triple satisfying 1*1 .

Taking W=U in 1*1 we find a

Longuet Ivi . nap g : U - V,✗V2 St

lTiog=lTi
'
for i -4,2 .

Reversing the roles of
U and V

,
✗Vz

,

We find h : V ,
✗V2 -Us .t . ñioh=Ii .

Then Tio hog =ñiog=Ii
' and so by

the unicity of 1*1 (for W=U) we get
hog -_Ida .

The other way around we

get goh=idy×vz .
So g ,hare isomorphisms

compatible with the Ii and Ii .



This describes V. xvz just by how it

maps to other 6-v.s
.

Same works for products of groups,
rings , - . -

Many other constructions can be described

by univ . properties : direct sons
,

kernel
,
cohernel

,
. -

→ One way of looking at categories
is that they are the natural

setting to talk about universal
properties .

II Invariants
-

General pattern in geometry:
Have some class of complicated objects ✗
e. g. some kind of geometric spaces ,
and want to understand these by
associating to them some simpler
invariant ilx)

.



Eg :

vector space ✗ be drink C- Now

graph m # of conn . comp .

top space ✗ t 11TH) fund. group
K / ☒ number field on How / K

,
G)

f-init set of field

ehnb
.

K↳ ①

Given such a transformation ✗Mik)

often it is extremely useful to

also associate to a map key

some kind of arap ich - ill
,

this is called functionality .
Often one also wants to understand

how objects constructed by a univ .

poop .
transform under i.



DEI • A category C consists of

* A set Ob(c) of
"
objects of C

"

* Had c- Obccl , a set Homcad)

of
"

maps from ctod
"

,
which

WE call morphism from ctod
.

a V-cidiec-OSC.CI a
Hondad) ✗Hon/ diet → Honkie)

19,41 m hog
which we think of as composition

.

St :

• -3 identity morphisms :

V-c-COHCIJ-idcc-tlomk.cl
s.tt de Obccl :
th c- Honked) : hi idc=h

th C-How/did : idcoh =L

a Composition is associative:

V-cidie-EOBC.CI
V-g-ctlomkedyhc-ttomkhefi-tlomk.FI :
i. ◦ Hog = iolhog)



Ekamp1es- :

• Set : . Oblset) -[ sets}

. Kay sets : MorlkH={f. Key}
with the usual composition

✗ R a field :

Veche • Objects : v-s.lk

✗ Morphisms K- linear maps

• Gros : Objects : groups
Morphisms : group homomorphisms

• Graph : Objects : graphs
Morphisms : morph .

of graphs

All these examples are
"concrete" :

objects are sets with some add.

structure
, morphisms are maps respect

the add
.

structure



But there are other categories:
* Rruig: tlafpz . Objects : integers n> 0

. tlomln.nl =Rm✗" matrices

composition given by matrix Mutt . :

YA ERM? BERM
" / in (A.BeR^^k)

Or :* a Objects: integers n> o

•Morph: 0 men

Homlmml ={ soy near

with the only possible composition rule

(the same works forany partially
ordered set - I


