
Given G-DX
,
when does it admit

a left adjoint?
Say D Ioc

_ small + complete . Then G
needs to be continuous

.

Up to size issues
,

this is actually sufficient for Lto admit

a left adjoint :

To construct a 1. a F :C-D
,
for CEC

we need Fc C- b with an iso
.

of functors

Hum IFC ,
- I -5Houle

,
G-I :D -Set

If such a Fc exists for each CEC ,
then theFc are automatically functorial

via Yoneda
.

To see whether
such a Fc exist

,
we

look at the category

c↓C : Objects ( DED
,
c-fhde.cl

Morph (dat)- (d)f't we morph

did' St

chadta
Gd'

commutes
.

If Fc exists
,
then

flow (Fc , Fc) -5 Honk , 41--4
①

Idea R :c-Cfa

gives an odject (Faint c- CIG



which is initial
.

One can check: Fc exists⇔ CIG has
an initial obj.

Next there is a natural functor

A: CIG - D

( d
, fluid

(deft -4 /DIE
'

) Mh

→ One can check that CIG has

an initial osj ⇔ time,all exists .

Since D is complete , this is always the

case if c↓G is small . In general ,
to get existence of this limit ,we need

to

be ask to replace CIC by a smaller

part over which 9 has the same limit

The ( Adjoint Functor Theorem)

C. :D-c as asove has a left adjoint
if and only if it satisfies the

Sortition : For every a- (
there exists a set of morph .

{ fi :c- Gdi IIEI} sit . every f :c- Gd

is of the fora Citi Cdi£ Gd for some

ii. dined
.



Af
"

: ✗ If G has a t.at then { nice Gfc}
is such a set .

✗ If he satisfies the SSC, we can
form the above limit over such a

set
.

☐

In most situation
,
the SSC is satisfied

. So
we can usually expect continuous functors
to have a 1-a.

EE Existence of tensor products :
A5Crp- ASCrp
Ah AaB is ta to Chthon(B.C)

↑

this is cont
-

m for AaB need to look at

{ A- How /Bid 1C c-Ascrp )

For A kHom(03,4 , let C'≤C Sette

subgroup gen by {Walls) IAEA } .

So C
'

b. ←B
is the set of sums [ Hail /sit for
elements Caiibilc- A"✗B? "='

So C' has at most
thecardinalityof * A' ✗Bi

.

Such C' c-Abcerpforn
5=1

a set
,
and h factors as A-Hon /Bid/→Homage?

Hence HowCB
,
-1 satisfies the SSC

,

so AwA☒B exists
.



M-oid-aate-I.es
We want to axiomatic categories C
with a tensor product function
☒ :C✗Cuc which is associative and

has a unit lie an object UGC St Mack

for all a-C) :

Def A monoidal category
consists of >

& a cat . C

✗ a
functor •: Cac-C

written as Keith Cac'

< an object UGC

a natural isomorphisms
de Mac _Ec

Coll _ÉcE
✗
a.be

KGB)☒cÉ a@ (bad

for all a.Sect

which satisfy the following coherence cord .:

* Her ,b←c the diagram

Cabal cos %
"
a• Casey

Lida-6tb
Jaa#

and

commutes



taibiadec the diagram
Cacablcak d) ✗

a.b. cat✗ceased

(( abstract ad
a•Cb☒k•d)/

I ↑ ida@ ✗sad✗
a.I,cGiddw

a (booted → a @ 11564 d)
✗
a.board

commutes .

EE • C=ASCrp
with usual tensor product

,

11=2 and usual id -
+assoc

. Tso's

✗ Any cat
.

C with all finite products

can
be made into a monoidal

Caf

with Coad-_ cxd and 11 the final

object (= ¥ )

so eg (Seti)
,
LASGP.ie'

• Any cat . with ftuitecoproducts
can

be made into a monoidal cat
.

with Coad-_CID and 11 the initial

object
E.s (Asap , 0-1



Coherence Thin : Let Kiki --1 beamon .

cat C-C and

P
,
= C

,
@ Non - - ②Cz⊕ - -11 Gq with some

brackets

P[ = C
,
G
. _
•11 ② Cz - -

with some
brackets

~ I:P
,
ÉP, obtained by composing

some ×? ,
t? is?

Def A symmetric monoidal
cat . consists

of a mon .

cat ( Ciao , - - l together

with hat
.

iso's

g.b :
a☒bÉ baa

for all a ,SEC S.t. the following

diagrams commute :

&
a@ 11

%" Ncaa

Sa a

← "a

✗ (a②b\ac%i%b☒a☒c -9 boalao.cl
✗ ↓ tidoo
aoalsoncl -9 ↳☒Gong Ib Kona)

6,549 i£

aab
- aos
id



Also 3- notions of (Sanat monoidal

functors between (Syah)
monoidal cat's

.

and of monoidal
hat

.

transf
.

between

such functors .

EnricLedca

Def. (M , ,
_ _
) monoidal cat

An M - enriched cat . for just M-cat.IE

consists of :

✗ A class 0b¢ of osj .

& Fadec an object Honked/ EM

a V- a.b.CEC a morph

Hom(a.b) ⑨ Homfbiditlomla.cl
in M

.

✗ Hac a morph 114%-10444 in 14

sat . ttaibicidcc the following diagrams

commute :

a Honda ,b) ☒④omlb.datlonk.cl/-THon(a.S1oHonCbidl
✗ ↑ to

clonked/•How /bell ☒ Honked/
Honked)

→ Honked Honked/%
0

s

•
NG Honked §

,
Honda .by

c- Honk-4011

ida ↓ ← ↓ ids
Homk.at Hoanfaibl

°
° Homlaiib/⑨ Honks



EE
•
A (Seth - cat . is a Ioc _ small cat.

✗ Abcrp is
naturally a Asap-cat .

✗ More generally Moda- categories
are called R- linear

.

• The cat
.

of locally compact

topological spaces is naturally a

Top- enriched cat_ via the

compact -open topology on
How-sets

.


