
From these examples we observe:

✗ There are 2kinds of univ
. properties :

Ones where we describe morphisms

into the object leg . products
,

coequalizers , final objects) , these
will be called limits

,

and ones

where we describe morphisms out

of the objects (e.g. copraducts
,

equalizers , initial objects/
,

these

will be called colimits
.

The two are exchanged by duality.

So for each Univ . prop .

of the first

kind
,
if CEC is descried by

a univ . property ,
we are describing

the assignment de Cm Hoarfdec)
In fact

,
via the unicitc part ofthe

univ
. prop . We are also describing

this functor iay in d-.



Eg : For !I←±Ci :

¥ : COP → Set functor

d tr IT Homldicil

did'm É⇔Hom(dtcil-ITHomld.ci/iEIIEI

( di-ficiltildi-tdi-fi.at
Then if c is a product of the Ci

,

we have isomorphisms

Fitld /⇐ How / did

which are natural in d.

So we start by studying functors

F : corset for which such a C

exists
.

.

Let Cse a locally small cat .

CEC → Howl_ ,
c) : COP - Set functor

DED tr Honkkcleset

did' inD th
"Howl dictation(did

d'±É tidbit'-€



How(Cc-I :C → Set functor

dc-b.tn HonkedI

did' inD this:How /Gdtr Honk ,d)
c-Fd
"

c±d-Éd'

Def: a A. functor F : corset

( resp . F : COP_Set ) is called

representable if there exists an
-

object cec together
with an

isomorphism FEHonk
,-1

(resp FE Hoax - ,
4 1 of functors .

& Such an isomorphism FE Honk ,-1

or FI Homf - id is called a

representation of F.
We will also say that

f- is represented
by c.

By the above
,
we can

think of a

representable functor as an

encoding of the univ
. property of

the representing object c.



Examples of representable functors:

a idsef: set-Set is represented
by {*} c-Set :

Have bijectvins
✗ ≤ House,_ (1*31×1

hl*5 ←I {*} -4 ✗

which are natural in ✗i

V-X-Y.in Set

✗ E Hom / {*} , ✗ I had c-1h

f ↓ It I I

Y E Hom / {*§ .ly/fChL*llc-1foh

• The forgetful functor U : Grp→Set

is represented by ZE Grp :

[ C- Grp → Uld = Homgrp /KC)
V1

h(1) ←I h

and this is again natural

in G.



* R ring : U: Modra set

forgetful functor

is representable by RE Moda:

MEModern UIMI ← Hommage(R ,
M)

V1

hat h

• U : Ring a set forgetful functor

is representable by the polynomial

ring 21K] :

R c- Ring : ULRI = Honking(ICN ,R)
U

hlkl A h

The inverse of thisTrap sends RER
to the ring homomorphism

h : ZCCX] →R

Éai ✗it -44=-2 airif- =
i=o 5=0



& We can extend this example
to polynomial equations :

consider e-g- the functor

✗ : Ring → Set

R n {(run.ro/c-Rlr?+rz3--rjs/RaR'
m ✗CRI → ✗CRY

CNN.ir/tr(hlrilihlrzl,hCBl /

The functor ✗ is representable

by the reins 2411×21×3# + ✗E- ✗31
:

Qiu
ReRing M NRI -7 How /Q ,

R) I ,EuÑ
it

lhkil.tl/Tz1,hl5Kh

Inverse : Critz .gl C-✗(RI

teh : Q → R

ft (XP + ✗E-✗3) titch ,KiB )
,

this is well-defined since

Critz ,B) c-XLRI .

The same works for any equation
Pla ,- Kato with PEKIN

,
-Hi .



Some contravariant examples :

* Functor 0 : Top → Set

✗
°

in {ucx to open ink

✗4-Y cont te 041 - 01×1
①

acy in f-YUICX

This functor is representable by

the Sierpinski space si

s:{aib} with open subsets ∅
,
{aid ,{a}

For XETop there are mutually inverse

bijection which are natural in ✗ :

Ucxt,
ʰ " ✗ → s

a ✗ c-a

✗ in { is ✗4-a

044£
"

Homiop ( ✗ is /
iHsia}

* A ,B C- Set

→ functor Hom ( _ ✗ A ,
B) : set
"
- Set

* te Homa ✗A ,Bl

f : ✗a ✗
'
te Honk

'
✗A.DI

→Hon(✗✗A ,
B)



✗
'
✗A 4BhK✗A"#' ✗A → B

This functor is representable by

the set BA ÷ Houses (AIB)

✗c- Set m Hom(K&AiB1 ± Hom (ABA )
←I h : Xu BA✗✗AaB

trial tihlxlllal

This is called currying in

computer Science .


