


as follows :

Let ✗c-Fc : For DEC need Vlad :

"Hunnicutt → Fd
4Wd

For Cfd in C ,
we look at

Honked ¥
' Fc

f. & Iff

"

Hunted →
Fd

4Wd

Since f- = foidc -_Glide ,
for this to

commute we need

41M¢(f) =4.tl#lfalidd1--Ff(ykkliddl--Fflx
÷
if 4 is inverse to §

So we define 4114¢61: =-17kt .
We need to check that this defines

a natural transformation

4kt : Houle , - I →F

So for some g
: die in C we

need the following square to commute :



Honked/ y¥,
Id

9. ↓ ↓Fg

Honkie I → Fe
4lNe

For f c-Honk ,d\ we check:

4K\e(ga(fX=4(He /got / =F(got 1×1
Fg 1444¢44= Fg /Fflxt
These are equal since F is a functor .
So we have defined 4 .

We still need to check that 4 is inverse

to OI :

Let ✗ c-How / Honk , -7,1=1 ,
f :c-d C-C :

418611,4-1--4/ ✗clidcldlfl =-17 / ✗didd)
= ✗

a /f. lidded(f)

⇒ VIEW =L

Let ✗c-Fc :

oIkkxY -41×1 click --F(idek= iddxkx

☐



PEP: The nap § is natural infandc :
Pt :Nationality in c :
Let Cid in C. This induces a

hat
.

transformation

Bh : Houle'
,
-I - Honk , - I

dti Howldedl I Honked
/

Then the following diagram commutes :

✗ c-
How/Honk ,-1,1=1 ¥ Fc

↓ -17E t
qoph
HowlHoule! - lift ¥

Fc'

Here :Fh(oIkH=Fh / ✗click

d-( ✗ ◦ But = atrial idol)=✗dhl



These are equal since ✗ is a

hat . transf
.

Naturalit in F : F
'

:c -

Self:Fr F
'

nat . transf.

Then

How /Honk , -1,1=1 ÉFc
E ↓ tic

1-10%4Honk ,-1 , FY - F'c

Commutes :

8doIk4=k(✗didst

⑧Goal = (toxic ( idd-kkdidc.lt

by the composition rule
for nat .transf .

☐

A first application :

COI C. d. C-C n

Honked) -Hom ( Homld ,-1 ,
Hank

, _
1)

f n f
"

s

is a bijection :

PE Take F- 1-1044-1 in the

Yoneda lemma
.

This gives a



bijection

§ : Houlton /d ,-1 ,Honk ,
-11h Homkidl

✗ ti ✗ liddl

For f :c-d , this sends ✗=f
"

to f-
"

( idol = foidc =f

⇒ fnf
"
is inj .

Since ⑤ is inj ,
any ✗

'
-Homld

,
- I -Honk ,-1

is equal to (✗ tidal!
→ftef

"

is sort!
☐

Coe For ad c- C if the functors

Honk
,-1 and

btomld ,- I are isomorphic,
so are cand d .

So if we know all morphisms out

of an object (or dually all morph .

into an object / we know the object
cop to iso.lt

In particular , a representation
Honk

,
-/ EF of a functor F is unique

up to isomorphisms c→% .



Up to size issues ,
all of this can

be formulated more concisely as

follows:

Assume that C is small .

Then

there is a functor category Fun@felt
and a functor

y : Ck Funk , sett

Cm Honk
,
- I

fend tr f.
•

The first Cora says that y is fully

faithful .
Furthermore

,
the Yoneda lemma can

be expressed as an icon
. of functors

Have 2 functors

CatonCasely → Set

Hom(H-1 ,-1 = KFIH 1-1041-1044-1,1=1
which acts on morph . as
in the tinctoriaCity statement

after the Yoneda lemma

and ev : k.FI tr FG)

kid
,
1--4=4 tr Fcc) E- Icd) %

'

F'(d)



and the § give an isomorph .

offunc
.

Homlytl ,-1 new .

By applying the above to
CP we get

dual statements :

Thy Let F :C"-Set be a functor.
and CEC

Then § : How ( Howl- it ,FleFc
✗ tr ✗< (idol

is a bijection which is natural

in Faad c.

Co For Cid El the nap

Howlcidl- How( Hunt- it ,Honk ,dD
f ti fa

is a bijection .



Another application :
In linear algebra , we have

"

row operations
"

on the set of matrices with n rows

with coefficients in some ring R

( exchanging two rows
,
adding a multiple

of one row to another , multiplying a

row by an element of R• )

COI Every row operation is defined
by left hult . by some hxn - matrix ,
which is obtained by applying the
row operation to the identity matrix .

PE .

We consider the category Matpz
and torn>o the functor

Howl
_

,
al :MatÑf→ Set ,

this sends ↳ 0 to Rh?

The fact that matrix mutt . is linear

implies that each row operation
defines a hat . transf .



Howl - int-Houten
Hence by the corr. the row operation
is defined by the element of Honan)

obtained by applying this aat . transf .

to idn .

☐

-

Det A universal property of CEC

is a functor F : C-Set or

COP -Set together with an element

*c-Fc which induces via the Yoneda

lemma an isomorphism

FE Honk , -1 or
T→ Honk

,
c)


