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FIG. 3. Estimates of the resources required to implement three applications, assuming the qubit parameter
examples specified in Table II. We explore a trade-o↵ in the quantum dynamics application by consider-
ing two implementations: one which uses su�cient T factories to supply the needs of the shortest-depth
algorithm and another which slows the algorithm down, allowing for a reduced number of T factories.

the other models results in about three orders of magnitude longer application run times. For
quantum chemistry, this leads to impractical runtimes of more than a century.

To build the tool and obtain these estimates we have made many choices including what algo-
rithmic, compilation and QEC options to include and also what approximations and assumptions to
make. Other resource estimation works have made di↵erent choices, which leads to small di↵erences
in estimates [42]. In the appendices, we point out more explicitly these choices, assumptions and
approximations, and in particular, collect together our primary assumptions in Appendix G. We
anticipate that future work will extend and improve the tool and framework in two ways. Firstly,
the estimates for a given stack will become more accurate as assumptions and approximations are
honed and made more realistic, for example by including more detailed and nuanced noise models.
Secondly, the estimates will become more favorable as improved solutions and optimizations are
included in the stack and resource models, such as algorithmic improvements and hand-optimized
compilation of important subroutines. We expect the broad conclusions that we draw from these
results in the next section to hold true despite these choices, approximations and assumptions.
This is because our conclusions are relatively insensitive to order of magnitude changes in resource
estimates.

IV. TECHNOLOGICAL IMPLICATIONS AND CONCLUSIONS

More than two decades ago, DiVincenzo [36] specified a set of fundamental requirements that
any usable quantum computer should satisfy. For example, DiVincenzo identified the necessity of
low error rates, by requiring long relevant decoherence times, much longer than the gate operation
time. Since then, a variety of qubit technologies that satisfy DiVincenzo’s criteria have been
developed, including technologies such as superconducting and trapped ion qubits. However, it is
an open question as to what additional conditions beyond DiVincenzo’s criteria a qubit technology

Michael Beverland et al, arXiv:2211.07629

Surface Code resource estimates
• The most mature model of fault-tolerant quantum computing, but overheads 

can be extremely high. 
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Low-density Parity-Check Codes
• In the classical world, we use high 

rate LDPC codes. 

• Low-density:  
• each bit involved in few parity checks 
• each check involves few bits 

• High performance “good codes”  
exist: 

• Efficient decoding via belief 
propagation.
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Quantum LDPC Codes
• Low-density:  

• each qubit involved in few checks 
• each check involves few qubits 

• High performance “good codes”  
discovered in 2022: 
 
 
 

• Hypergraph product, lifted product 
and balanced product → many novel 
codes with interesting properties 
appearing every week on arXiv! 
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A quantum error correcting code is of LDPC type if each check opera-
tor of the code acts only on a few qubits and each qubit participates 
in only a few checks. Several variants of the LDPC codes have been 
proposed recently including hyperbolic surface codes30–32, hypergraph 
product33, balanced product codes34, two-block codes based on finite 
groups35–38 and quantum Tanner codes39,40. The latter were shown39,40 
to be asymptotically ‘good’ in the sense of offering a constant encod-
ing rate and linear distance: a parameter quantifying the number of 
correctable errors. By contrast, the surface code has an asymptoti-
cally zero encoding rate and only square-root distance. Replacing 
the surface code with a high-rate, high-distance LDPC code could 
have major practical implications. First, the fault-tolerance overhead 
(the ratio between the number of physical and logical qubits) could 
be reduced notably. Second, high-distance codes show a very sharp 
decrease in the logical error rate: as the physical error probability 
crosses the threshold value, the amount of error suppression achieved 
by the code can increase by orders of magnitude even with a small 
reduction of the physical error rate. This feature makes high-distance 
LDPC codes attractive for near-term demonstrations that are likely 
to operate in the near-threshold regime. However, it was previously 
believed that outperforming the surface code for realistic noise mod-
els including memory, gate and state preparation and measurement 
errors may require very large LDPC codes with more than 10,000  
physical qubits31.

Here we present several concrete examples of high-rate LDPC codes 
with a few hundred physical qubits equipped with a low-depth syn-
drome measurement circuit, an efficient decoding algorithm and a 
fault-tolerant protocol for addressing individual logical qubits. These 
codes show an error threshold close to 0.7%, show excellent perfor-
mance in the near-threshold regime and offer a 10 times reduction of 
the encoding overhead compared with the surface code. Hardware 
requirements for realizing our error correction protocols are rela-
tively mild, as each physical qubit is coupled by two-qubit gates with 
only six other qubits. Although the qubit connectivity graph is not 
locally embeddable into a 2D grid, it can be decomposed into two planar 

degree-3 subgraphs. As we argue below, such qubit connectivity is well 
suited for architectures based on superconducting qubits.

Our codes are a generalization of bicycle codes proposed by MacKay  
et al.41 and studied in more depth in refs. 35,36,42. We named our 
codes bivariate bicycle (BB) because they are based on bivariate poly-
nomials, as detailed in the Methods. These are stabilizer codes of the 
Calderbank–Shor–Steane (CSS) type43,44 that can be described by a 
collection of six-qubit check (stabilizer) operators composed of Pauli 
X and Z. At a high level, a BB code is similar to the two-dimensional toric 
code7. In particular, physical qubits of a BB code can be laid out on a 
two-dimensional grid with periodic boundary conditions such that all 
check operators are obtained from a single pair of X and Z checks by 
applying horizontal and vertical shifts of the grid. However, in contrast 
to the plaquette and vertex stabilizers describing the toric code, check 
operators of BB codes are not geometrically local. Furthermore, each 
check acts on six qubits rather than four qubits. We will describe the 
code by a Tanner graph G such that each vertex of G represents either 
a data qubit or a check operator. A check vertex i and a data vertex j are 
connected by an edge if the ith check operator acts non-trivially on 
the jth data qubit (by applying Pauli X or Z). See Fig. 1a,b for example 
Tanner graphs of surface and BB codes, respectively. The Tanner graph 
of any BB code has vertex degree six and graph thickness29 equal to 
two, which means it can be decomposed into two edge-disjoint planar 
subgraphs (Methods). Thickness-2 qubit connectivity is well suited 
for superconducting qubits coupled by microwave resonators. For 
example, two planar layers of couplers and their control lines can be 
attached to the top and the bottom side of the chip hosting qubits, 
and the two sides mated.

A BB code with parameters [[n, k, d]] encodes k logical qubits into n 
data qubits offering a code distance d, meaning that any logical error 
spans at least d data qubits. We divide n data qubits into registers q(L) 
and q(R) of size n/2 each. Any check acts on three qubits from q(L) and 
three qubits from q(R). The code relies on n ancillary check qubits 
to measure the error syndrome. We divide n check qubits into regis-
ters q(X) and q(Z) of size n/2 that collect syndromes of X and Z types, 
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Fig. 1 | Tanner graphs of surface and BB codes. a, Tanner graph of a surface 
code, for comparison. b, Tanner graph of a BB code with parameters [[144, 12, 12]] 
embedded into a torus. Any edge of the Tanner graph connects a data and a 
check vertex. Data qubits associated with the registers q(L) and q(R) are shown 
by blue and orange circles. Each vertex has six incident edges including four 
short-range edges (pointing north, south, east and west) and two long-range 
edges. We only show a few long-range edges to avoid clutter. Dashed and solid 

edges indicate two planar subgraphs spanning the Tanner graph, see the 
Methods. c, Sketch of a Tanner graph extension for measuring Z  and X  
following ref. 50, attaching to a surface code. The ancilla corresponding to the 
X  measurement can be connected to a surface code, enabling load-store 
operations for all logical qubits by means of quantum teleportation and some 
logical unitaries. This extended Tanner graph also has an implementation in a 
thickness-2 architecture through the A and B edges (Methods).

• E.g. Bivariate Bicycle codes 
• (144,12,12) “Gross code” 



Belief propagation + Ordered Statistics Decoding (BP+OSD)

• BP can be readily adapted for quantum 
codes but often fails to converge to a 
valid correction. 

• OSD adds a second decoder stage 
using BP’s output to focus decoding 
problem on most likely errors. 

P. Panteleev, G. Kalachev, 2019
J. Roffe, https://pypi.org/project/ldpc/

• BP can be parallelised to time linear in n. 

• OSD uses Gaussian elimination and is 
often the bottleneck. 

• Improvements to OSD have been made* 
with more parallel implementations and 
reduced runtime (LSD, Ambiguity 
Clustering). 

• But it would be advantageous if quantum 
LDPC codes could, like classical codes, 
be decoded reliably with BP alone. 

*Hillman et al, arxiv.org/2406.18655
*Wolanski et al, arxiv.org/2406.14527 



Syndrome

Select most likely error 
(using error model)

Koutsioumpas et al, quant-ph/2503.01738 

Automorphisms sampled  
uniformly from code  
automorphism group 
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The AutDec Decoder



Talk structure

• Decoding Classical Codes and Belief Propagation  

• Belief Propagation on Quantum Codes 

• Ensemble Decoders 

• Code Automorphisms 

• The AutDec Decoder 

• Numerical results for small codes and circuit level noise on qLDPC codes 

• Summary and Outlook



• Errors detected via parity checks 
 
 
 
 
 
 

• No errors: 

Decoding (classical) linear codes
• Example: [7,4,3] Hamming code  

• Code-words: 
 
 
 
 
 

• Message: 
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c1 =
⇥
1 1 1 0 0 0 0

⇤

c2 =
⇥
1 0 0 1 1 0 0

⇤

c3 =
⇥
0 1 0 1 0 1 0

⇤

c4 =
⇥
1 1 0 1 0 0 1

⇤

<latexit sha1_base64="7KJU0O2kSaSCCIKuzKQ9DyuycVo=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIVC9C0YvHCvYD2hA220277W4SdjdiCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD4st1ScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjG9nfvuRSsXi6EFPEuoJPIhYyAjWRvLtskDXqKdS4Y8QNkX8kW9XnKozB1olbk4qkKPh21+9fkxSQSNNOFaq6zqJ9jIsNSOcTku9VNEEkzEe0K6hERZUedn89ik6NUofhbE0FWk0V39PZFgoNRGB6RRYD9WyNxP/87qpDq+8jEVJqmlEFovClCMdo1kQqM8kJZpPDMFEMnMrIkMsMdEmrpIJwV1+eZW0zqturVq7v6jUb/I4inAMJ3AGLlxCHe6gAU0g8ATP8Apv1tR6sd6tj0VrwcpnjuAPrM8fYIuTZA==</latexit>

m =
X

j

ajcj
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Parity-check matrix



• Error represented as bit string: 
 

• Received message: 
 

• Syndrome: 
 
 
 

Decoding (classical) linear codes
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e =
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0 1 0 0 0 0 0

⇤
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r = m+ e
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• Aim of the decoder:   

• Given the syndrome     
compute the error 

• We then can correct the error. 
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Belief Propagation
• A message-passing decoder on the 

Tanner graph. 

E.g. 7-bit Hamming code:
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Tanner graph

check nodes

data nodes

• Nodes pass messages back and forth, to establish marginal prob. of error on each bit. 

• Finally, these probabilities are converted to a “hard decision” - a specific error.



Belief Propagation
• Example: 

• error on first qubit 

• error prob. 0.05

Data nodes initialised with the prior probabilities

Check nodes know their respective syndrome bit



Belief Propagation

0.05 0.05 0.05
• Example: 

• error on first qubit 

• error prob. 0.05

Data nodes initialised with the prior probabilities

Check nodes know their respective syndrome bit

1 0 0

0.05 0.050.05 0.05 0.050.05 0.050.050.05



Belief Propagation

0.05 0.05 0.05

Data nodes initialised with the prior probabilities

Check nodes know their respective syndrome bit

1 0 0

0.05 0.050.05 0.05 0.050.05 0.050.050.05

Date nodes send their prior 
probabilities to their connected  
check nodes. 



Belief Propagation

E.g. Given that : 

the overall parity is odd 

the prior probs of other bits are all 0.05 

Prob of an error on the first bit is: 

0.05
0.05

0.05
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1 + (1� 2⇥ 0.05)3

2
= 0.87

Check nodes use 

the received probabilities 
and their syndrome bit 
 
to estimate a new error 
probability for each data bit. 
 

1



Belief Propagation

0.87 0.87 0.87
0.87 0.13

0.130.13
0.13 0.13

0.13
0.13

0.13

Check nodes send the 
computed probabilities  
to the data nodes.



Belief Propagation

0.87 0.87
0.87 0.87

0.13 0.13
0.13 0.130.13 0.13 0.130.13

Check nodes send the 
computed probabilities  
to the data nodes.



Belief Propagation

0.87 0.13

multiplying  
and normalising

0.05
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Prob(error) =
0.006

0.112 + 0.006
= 0.05

Data nodes use the  
received information 
to estimate their new 
error probability



Belief Propagation

0.25 0.01 0.010.05 0.001 0.05 0.01

Data nodes use the  
received information 
to estimate their new 
error probability.



Belief Propagation

0.25 0.01 0.010.05 0.001 0.05 0.01
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Prob(error)  0.5 ! 0

Prob(error) > 0.5 ! 1

0 0 0 0 0 0 0

Data nodes convert| 
probabilities to a  
hard decision.



Belief Propagation

0.25 0.01 0.010.05 0.001 0.05 0.01

0 0 0 0 0 0 0

Is hard decision 
compatible with  
syndrome?
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� = He
T

If yes, output the error. 

If no, repeat using the 
new priors.



Belief Propagation on quantum codes
• Quantum CSS code can be treated 

as two classical codes. 

• Very similar to a classical decoding 
problem in structure. 

• BP decoders can be used.  

• But degeneracy and small cycles 
can lead to convergence issues 
and bad outputs.
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Belief Propagation on quantum codes
• For example, 15 qubit Reed Muller code: 

• Error:
Z



Belief Propagation on quantum codes
• For example, 15 qubit Reed Muller code: 

• BP output:
Z



Belief Propagation on quantum codes
• For example, 15 qubit Reed Muller code: 

• Error:
Z



Belief Propagation on quantum codes
• For example, 15 qubit Reed Muller code: 

• BP Output: 
 
 
 
 
 
 
 
 
 
 
BP “sees errors everywhere” and fails to converge.

?????????????? ?

1 1 1 1



Ensemble Decoders

Decoder 1 Decoder 2 Decoder 3

Syndrome

Select “best” error - 
e.g. most likely error

Decoder 4

“Harmonisation” - N. Shutty, et al,  arXiv:2401.12434

Automorphism Ensemble Decoding - Geiselhart, et al. , arXiv:2012.07635



Code automorphisms
• Origin in group theory: 

• An automorphism is a permutation 
of group elements which preserves 
the group structure 
 
 
 
 
 

• Automorphisms form their own 
group, the automorphism group. 
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g, h 2 G

⇡(g)⇡(h) = ⇡(gh)

<latexit sha1_base64="uWioic9Sc3+uT7pr32g9YUpvtBk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq6H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4jeNAg==</latexit>s

<latexit sha1_base64="uWioic9Sc3+uT7pr32g9YUpvtBk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq6H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4jeNAg==</latexit>s

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="yNH6PgeCKNlAux7YiDKw7gD3NDs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBlcwOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2L1gOOE+xEdKBEKRtFK9/qx0iuW3LI7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF75E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzUvaq5erdRal2ncWRhxM4hXPw4BJqcAt1aACDATzDK7w50nlx3p2PRWvOyWaO4Q+czx8GHY2l</latexit>

r2

<latexit sha1_base64="ShY4rkGO5GNNMc9oIJcNXBPfCVg=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9gNEj0GvXiMYB6QrGF2MpsMmZ1ZZnqVGIK/4sWDIl79D2/+jZNkD5pY0FBUddPdFSaCG/C8b2dpeWV1bT23kd/c2t7Zdff260almrIaVULpZkgME1yyGnAQrJloRuJQsEY4uJr4jXumDVfyFoYJC2LSkzzilICVOu6hbgsWgea9PhCt1QPWd6WOW/CK3hR4kfgZKaAM1Y771e4qmsZMAhXEmJbvJRCMiAZOBRvn26lhCaED0mMtSyWJmQlG0+vH+MQqXRwpbUsCnqq/J0YkNmYYh7YzJtA3895E/M9rpRBdBCMukxSYpLNFUSowKDyJAne5ZhTE0BJCNbe3YtonmlCwgeVtCP78y4ukXir65WL55qxQucziyKEjdIxOkY/OUQVdoyqqIYoe0TN6RW/Ok/PivDsfs9YlJ5s5QH/gfP4Ar2yVYg==</latexit>

r $ r2



Code automorphisms
• A code (permutation) automorphism is a 

permutation of bits which maps codewords 
to codewords. 

• E.g. (7,4) Hamming code 

• The permutation: 
 
 
 
Maps codewords to codewords, 
leaving the codespace invariant 

• Code automorphisms can be computed 
using brute force search or Leon’s 
algorithm (e.g. in MAGMA). 

<latexit sha1_base64="bKNj+I5eFaKsyQCu8AjjEjD1dfQ=">AAACOHicbZBLS8NAEMc3Pmt8VT16CRaLp5KIVC9C0UtvVrAPaErZbKft0s0m7G7EEvqxvPgxvIkXD4p49RO4SUPR1lmG/e082Jm/FzIqlW2/GEvLK6tr67kNc3Nre2c3v7ffkEEkCNRJwALR8rAERjnUFVUMWqEA7HsMmt7oOsk370FIGvA7NQ6h4+MBp31KsNKhbv7GrF6argcDymPPx0rQh4npFO3izF3XTCjh9E7fGSfHdIH3Zr3dfMEu2alZi+BkUECZ1br5Z7cXkMgHrgjDUrYdO1SdGAtFCYOJ6UYSQkxGeABtjRz7IDtxuvjEOtaRntUPhHaurDT6uyPGvpRj39OVer6hnM8lwf9y7Uj1Lzox5WGkgJPpR/2IWSqwEhWtHhVAFBtrwERQPatFhlhgorTWphbBmV95ERqnJadcKt+eFSpXmRw5dIiO0Aly0DmqoCqqoToi6BG9onf0YTwZb8an8TUtXTKyngP0x4zvH3qqpHc=</latexit>

H =

2

4
1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5

<latexit sha1_base64="m7Rd+ij+vrPTdytV1OvYQ1q9w+4=">AAACFXicbVDLSgNBEJz1GdfXqkcvg0FIQMJulMRj0IvHCOYByRJmJ7PJkNkHM71KWPITXvwVLx4U8Sp482+cJHvQxIKGoqqb7i4vFlyBbX8bK6tr6xubuS1ze2d3b986OGyqKJGUNWgkItn2iGKCh6wBHARrx5KRwBOs5Y2up37rnknFo/AOxjFzAzIIuc8pAS31rDOzUMZdwXyQfDAEImX0gM+LuFBZUqvFnpW3S/YMeJk4GcmjDPWe9dXtRzQJWAhUEKU6jh2DmxIJnAo2MbuJYjGhIzJgHU1DEjDlprOvJvhUK33sR1JXCHim/p5ISaDUOPB0Z0BgqBa9qfif10nAv3RTHsYJsJDOF/mJwBDhaUS4zyWjIMaaECq5vhXTIZGEgg7S1CE4iy8vk2a55FRKlduLfO0qiyOHjtEJKiAHVVEN3aA6aiCKHtEzekVvxpPxYrwbH/PWFSObOUJ/YHz+AHYXnSw=</latexit>

(2 $ 3)(6 $ 7)

<latexit sha1_base64="F+1mjwBAA5ARs04hJ75REG70N10="></latexit>

c1 ! 1 1 1 0 0 0 0 = c1

c2 ! 1 0 0 1 1 0 0 = c2

c3 ! 0 0 1 1 0 0 1 = c1 + c4

c4 ! 1 0 1 1 0 1 0 = c1 + c3

<latexit sha1_base64="hsAcL22waoEdonKTvzr6mLvlVfs="></latexit>

c1 =
⇥
1 1 1 0 0 0 0

⇤

c2 =
⇥
1 0 0 1 1 0 0

⇤

c3 =
⇥
0 1 0 1 0 1 0

⇤

c4 =
⇥
1 1 0 1 0 0 1

⇤



Code automorphisms
<latexit sha1_base64="bKNj+I5eFaKsyQCu8AjjEjD1dfQ=">AAACOHicbZBLS8NAEMc3Pmt8VT16CRaLp5KIVC9C0UtvVrAPaErZbKft0s0m7G7EEvqxvPgxvIkXD4p49RO4SUPR1lmG/e082Jm/FzIqlW2/GEvLK6tr67kNc3Nre2c3v7ffkEEkCNRJwALR8rAERjnUFVUMWqEA7HsMmt7oOsk370FIGvA7NQ6h4+MBp31KsNKhbv7GrF6argcDymPPx0rQh4npFO3izF3XTCjh9E7fGSfHdIH3Zr3dfMEu2alZi+BkUECZ1br5Z7cXkMgHrgjDUrYdO1SdGAtFCYOJ6UYSQkxGeABtjRz7IDtxuvjEOtaRntUPhHaurDT6uyPGvpRj39OVer6hnM8lwf9y7Uj1Lzox5WGkgJPpR/2IWSqwEhWtHhVAFBtrwERQPatFhlhgorTWphbBmV95ERqnJadcKt+eFSpXmRw5dIiO0Aly0DmqoCqqoToi6BG9onf0YTwZb8an8TUtXTKyngP0x4zvH3qqpHc=</latexit>

H =

2

4
1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5

• After the permutation, the original 
parity check matrix is still valid. 

• So the permutation changes the 
relationship between errors and 
checks. 

• E.g. Error on bit 2 

 
 
 

• Applying the permutation 
(without permuting the parity checks) 

<latexit sha1_base64="oX81cLycgeLpEP7VinPRw3Xg6yU="></latexit>

e =
⇥
0 1 0 0 0 0 0

⇤

<latexit sha1_base64="bW8PauYQnYPvmuFZSGHnjmMfkvQ="></latexit>

s = He
T =

2

4
0
1
0

3

5

<latexit sha1_base64="P9Q1zNHf9N/RlsLVUye9cEvDUV8="></latexit>

e0 = ⇡(e) =
⇥
0 0 1 0 0 0 0

⇤

<latexit sha1_base64="kmQKPVwq7jlSa76PVDNDicwZHHQ="></latexit>

s
0 = He

0T =

2

4
1
1
0

3

5



Quantum code automorphisms
• Code automorphisms can also be defined for quantum 

codes. 

• For example, permutation automorphisms: 

• Permuting qubits mapping code-space to code-space. 

• Automorphisms of quantum codes are a ready source of 
fault-tolerant quantum logic gates. 

• Automorphism groups can be computed via a mapping to 
classical codes (e.g. X-check and Z-checks of a CSS code).

H. Sayginel et al, arXiv:2409.18175
S. Bravyi et al, Nature 2024
A. Calderbank et al, Proc IEEE (2007)



A quantum automorphism ensemble decoder?
Z

Z
An automorphism of the [[15,1,3]] code

• Automorphisms can improve BP performance!



Classical Automorphism Ensemble Decoders

Decoder

Message

Select “best” error - 
e.g. most likely error

Automorphism Ensemble Decoding - Geiselhart, et al. , arXiv:2012.07635

Permutation 1 Permutation 2 Permutation 3 Permutation 4

Inv. Permutation 1 Inv. Permutation 2 Inv. Permutation 3 Inv. Permutation 4

Syndrome

Decoder Decoder Decoder

Syndrome Syndrome Syndrome



The AutDec Decoder
• Applying physical permutations to 

qubits would degrade code 
performance. 

• Fortunately,  

• Permuting (qu)bits while keeping the 
parity checks unchanged 

• is equivalent to 

• Permuting the parity checks while 
keeping (qu)bit positions 
unchanged. 

<latexit sha1_base64="bKNj+I5eFaKsyQCu8AjjEjD1dfQ=">AAACOHicbZBLS8NAEMc3Pmt8VT16CRaLp5KIVC9C0UtvVrAPaErZbKft0s0m7G7EEvqxvPgxvIkXD4p49RO4SUPR1lmG/e082Jm/FzIqlW2/GEvLK6tr67kNc3Nre2c3v7ffkEEkCNRJwALR8rAERjnUFVUMWqEA7HsMmt7oOsk370FIGvA7NQ6h4+MBp31KsNKhbv7GrF6argcDymPPx0rQh4npFO3izF3XTCjh9E7fGSfHdIH3Zr3dfMEu2alZi+BkUECZ1br5Z7cXkMgHrgjDUrYdO1SdGAtFCYOJ6UYSQkxGeABtjRz7IDtxuvjEOtaRntUPhHaurDT6uyPGvpRj39OVer6hnM8lwf9y7Uj1Lzox5WGkgJPpR/2IWSqwEhWtHhVAFBtrwERQPatFhlhgorTWphbBmV95ERqnJadcKt+eFSpXmRw5dIiO0Aly0DmqoCqqoToi6BG9onf0YTwZb8an8TUtXTKyngP0x4zvH3qqpHc=</latexit>

H =

2

4
1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5

<latexit sha1_base64="hsAcL22waoEdonKTvzr6mLvlVfs="></latexit>

c1 =
⇥
1 1 1 0 0 0 0

⇤

c2 =
⇥
1 0 0 1 1 0 0

⇤

c3 =
⇥
0 1 0 1 0 1 0

⇤

c4 =
⇥
1 1 0 1 0 0 1

⇤



• Since the permutation is an 
automorphism: 

• the new parity checks must be parity 
checks of the code (e.g. still in the 
stabiliser group) 

• Thus the permutation is equivalent to a 
linear transformation on the parity 
checks. 

• This equivalent to a linear 
transformation on the syndrome. 

<latexit sha1_base64="bKNj+I5eFaKsyQCu8AjjEjD1dfQ=">AAACOHicbZBLS8NAEMc3Pmt8VT16CRaLp5KIVC9C0UtvVrAPaErZbKft0s0m7G7EEvqxvPgxvIkXD4p49RO4SUPR1lmG/e082Jm/FzIqlW2/GEvLK6tr67kNc3Nre2c3v7ffkEEkCNRJwALR8rAERjnUFVUMWqEA7HsMmt7oOsk370FIGvA7NQ6h4+MBp31KsNKhbv7GrF6argcDymPPx0rQh4npFO3izF3XTCjh9E7fGSfHdIH3Zr3dfMEu2alZi+BkUECZ1br5Z7cXkMgHrgjDUrYdO1SdGAtFCYOJ6UYSQkxGeABtjRz7IDtxuvjEOtaRntUPhHaurDT6uyPGvpRj39OVer6hnM8lwf9y7Uj1Lzox5WGkgJPpR/2IWSqwEhWtHhVAFBtrwERQPatFhlhgorTWphbBmV95ERqnJadcKt+eFSpXmRw5dIiO0Aly0DmqoCqqoToi6BG9onf0YTwZb8an8TUtXTKyngP0x4zvH3qqpHc=</latexit>

H =

2

4
1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5

<latexit sha1_base64="yC9k9aLUFXuLSr0jO5PgVhHUN7U="></latexit>

⇡(H) =

2

4
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5

<latexit sha1_base64="UTS+ssY09SColbWQisXNz3ywXmw="></latexit>

=

2

4
1 0 1 0 1 0 1
0 1 1 0 0 1 1
0 0 0 1 1 1 1

3

5 ·

2

4
1 1 0
0 1 0
0 0 1

3

5

The AutDec Decoder



Decoder

Permutation 1

Inv. Permutation 1

Syndrome

• Hence, instead of permuting the qubits: 

• We can apply the automorphism as a 
linear transformation to the syndrome.  

• Thus syndrome extraction circuit can be 
used unchanged. 

• Different permutations can be applied to 
the same syndrome measurement. 

The AutDec Decoder



Decoder

Linear 
transformation 1

Inv. Permutation 1

Syndrome

• Hence, instead of permuting the qubits: 

• We can apply the automorphism as a 
linear transformation to the syndrome.  

• Thus syndrome extraction circuit can be 
used unchanged. 

• Different permutations can be applied to 
the same syndrome measurement. 

The AutDec Decoder



Koutsioumpas et al, quant-ph/2503.01738 

Automorphisms sampled  
uniformly from code  
automorphism group 

Syndrome

Select most likely error 
(using error model)

Linear 
Transformation 1

Linear 
Transformation 2

Linear 
Transformation 3

Linear 
Transformation 4

Inv. Permutation 1 Inv. Permutation 2 Inv. Permutation 3 Inv. Permutation 4

BP Decoder BP Decoder BP Decoder BP Decoder

The AutDec Decoder



Code capacity  
decoder

• 15-qubit Reed Muller code 

• Automorphism group 
computed analytically,  
order 20160. 

• Code capacity noise model: 

• Depolarising noise on data qubits 

• No measurement errors 

• AutDec coder with 5 parallel  
BP instances (15 iterations) 



Larger codes and  
Detector Error Models
• Circuit level noise on a large LDPC code is usually 

represented as a Detector Error Model. 

• Decoding problem essentially a large classical code with a 
very large parity check matrix. 

• Automorphism group size and calculation time, blow up 
with size of the code. The group becomes too expensive 
to compute for even a relatively modest code (e.g. 72 
qubits). 

• However, graph automorphisms of the Tanner graph form 
a much smaller sub-group of the automorphism group.

Tanner graph for circuit level noise on 
[[72,12,6]] BB code 



Larger codes and  
Detector Error Models
• Graph automorphism algorithms are fast and open-

sourced.

Tanner graph for circuit level noise on 
[[72,12,6]] BB code 



Larger codes and  
DEMS

Bivariate bicycle codes with circuit level noise



Combined with OSD

• To further improve accuracy,  
AutDec can be used together with 
OSD. 

• It can then significantly outperform 
BP-OSD. 

• Figure shows the results for large 
bivariate bicycle codes under 
circuit level noise.

GPU implementation in collaboration with  
Roffe group at Edinburgh, Supermicro, INVIDIA 
https://qec.codes/blog/autdec.htm



Summary and Outlook
• AutDec parallelises equivalent but different 

versions of the decoding problem to overcome BP 
“dead-ends”.  

• It works well for codes with rich automorphism 
groups, in particular Reed Muller and Bivariate 
Bicycle codes. 

• In many cases it matches BP+OSD error rates with 
a significantly faster runtime (linear time BP). 

• Graph automorphisms let us target large codes 
and complicated DEMs.

Select most likely error 
(using error model)

Inv. Permutation 1 Inv. Permutation 2 Inv. Permutation 3 Inv. Permutation 4

BP Decoder BP Decoder BP Decoder BP Decoder

• Numerical evidence suggests that ensemble needs 
to grow in the size of the code. Can we find analytic 
bounds for the parallel resource scaling? 

• Can we derandomise? Can insights from AutDec 
help us design better deterministic decoders for 
specific codes? 

• What other ways can we help BP avoid getting 
stuck decoding quantum codes?  

• Can ensembling be used to improve other decoder 
approaches?  (Eg. “Vibe decoding” 
arXiv:2508.15743, Relay-BP arXiv:2506.01779)



Thanks for listening

arXiv:2503.01738 
Automorphism Ensemble Decoding for Quantum LDPC Codes 

GitHub: https://github.com/hsayginel/autdec 

pip install autdec

Select most likely error (using 
error model)

Linear Transformation 
1

Linear Transformation 
2

Inv. Permutation 1 Inv. Permutation 2

BP Decoder BP Decoder

Joint work with: 
 
Stegios Koutsioumpas, Hasan Sayginel and Mark Webster  
(Thanks also to Joschka Roffe)

https://github.com/hsayginel/autdec

